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 ABSTRACT :   An analysis is carried out to study the effect of the magnetic field on the boundary layer flow 

of the nanofluids over an isothermal stretching surface. Two types of nanofluids namely Ag–water and Cu–

water are considered. Similarity transformation is used to convert the governing nonlinear equations into 

coupled higher order nonlinear ordinary differential equations. Fourth-order Runge–Kutta method with 

shooting technique is employed for the numerical solution of the obtained equations. Numerical results are 

obtained for distribution of velocity, temperature and concentration, for both cases .The numerical results 

indicate that an increase in the nanoparticle volume fraction will decrease the velocity boundary layer 

thickness. Meanwhile, the presence of nanoparticles results in an increase in the magnitude of the skin friction 

along the surface. Such effects are found to be more evident in the Ag–water solution than in the Cu–water 

solution. The obtained numerical results have been presented graphically and discussed in details. 
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I. INTRODUCTION  

A large number of theoretical investigations dealing with magnetohydrodynamic (MHD) flows of 

nanofluids have been performed during the last decades due to their swiftly increasing applications in many 

fields of technology and engineering, such as MHD power generation, . Recently, the application of 

magnetohydrodynamics in the polymer industry and metallurgy has attracted the attention of many researchers.  

Heat and mass transfer processes by means of external force effects is one of the most important problems in 

modern applied physics. The study of the magnetic field effect on heat and mass transfer is of substantial 

significance in various industries. Sattar and Alam [1] studied the thermal diffusion as well as transportation 

effects on MHD free convection and mass transfer flow past an accelerated vertical porous plate. Choi [2] who 

coined the term nanofluid proposed that the thermal conductivity of the base fluid can be increased by adding 

low concentration of nanoparticles of materials having higher thermal conductivity than the base fluid.Putra et,al 

[3]studied about the temperature dependence of thermal conductivity enhancement for nanofluids. Raptis and 

Perdikis [4] studied the viscous flow over a non-linearly stretching sheet in the presence of a chemical reaction 

and magnetic field. Singh et al. [5] studied the effects of thermal radiation and magnetic field on unsteady 

stretching permeable sheet in presence of free stream velocity. Khan and Pop [6] examined the boundary-layer 

flow of a nanofluid past a stretching sheet. Momentum and energy equations for a nanofluid over a linearly 

impermeable stretching surface in the absence of slip and magnetic field were studied by Noghrehabadi et al [7] 

they also studied the theoretical investigations of SiO2-water nanofluid heat transfer enhancement over an 

isothermal stretching sheet. Makinde and Aziz [8] analyzed the boundary layer flow of nano fluids over a 

stretching sheet with convective heat transfer boundary condition. Rana and Bhargava [9] numerically studied 

the flow and heat transfer of a nanofluid over a nonlinearly stretching sheet. Yacob et al.[10] analyzed 

enhancement of two types of nanofluids, namely, Cu-water and Ag-water nanofluids over an stretching sheet 

with convective boundary condition. Khare and Rai [11] examined the MHD flow of non-Newtonian fluid 

through a rectangular channel.  Khare and Srivastava [12] studied the effect of Hall current on MHD flow of a 

dusty viscoelastic liquid through porous medium past an Infinite Plane. Several researches investigated the 

MHD boundary layer flow [13,14,15] in various situations. 
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In this paper, an analysis is carried out numerically to study the effect of the magnetic field on the 

boundary layer flow of the nanofluids over an isothermal stretching surface. Two types of nanofluids namely 

Ag–water and Cu–water are considered. . The effects of the governing parameters on the velocity and 

temperature have been discussed and presented in tables and graphs. 

  

II. FORMULATION OF MATHEMATICAL MODEL FLOW 
Consider an incompressible steady two-dimensional boundary layer flow past an isothermal stretching 

sheet in a water-based nanofluid which can contains different volume fraction of Cu (copper) and Ag (silver)  

nanoparticles and uniform magnetic field is applied on it. It is assumed that the induced flow of nanofluid is 

laminar, and the base fluid (i.e. water) and the nanoparticles are in thermal equilibrium and no slip occurs 

between them. The thermophysical properties of the fluid and nanoparticles are given in Table 1. It is assumed 

that the sheet surface has constant temperature of Tw, and the temperature of ambient fluid is T∞. The fluid 

outside the boundary layer is quiescent, and the stretching sheet velocity is U(x) = cx where c is a constant.  

Under the usual boundary layer approximations, the continuity, momentum and energy equations for the 

nanofluid, in the Cartesian coordinates can be represent as. 

 

The continuity equation;  

 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦 
= 0                                                                                                                                                                          (1) 

                                                                                                                                                                         

The momentum equation 
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The energy equation 
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The initial and boundary conditions are;  

 

ww TTxUuvyat  ,)(,0;0  

 

 TTvuyat ,0,0;                                                                              (4) 

 

where, u and v are the velocity components in the x and y directions respectively. T is   temperature of 

the nanofluid, 𝑇∞  temperature of the ambient nanofluid, B0 the uniform magnetic field strength,  𝜎 electrical 

conductivity of base fluid, 𝜌𝑛𝑓  effective density of the nanofluid,  𝛼𝑛𝑓   thermal diffusivity of the nanofluid,  

𝜇𝑛𝑓   dynamic viscosity of the nanofluid are respectively given as: 

 

𝜌𝑛𝑓 =  1 − 𝜑 𝜌𝑓 + 𝜑𝜌𝑠                                                                                                                                        (5) 

𝛼𝑛𝑓 =
𝐾𝑛𝑓

(𝜌𝐶𝑝 )𝑛𝑓
                                                                                                                                                         (6) 

 𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜑)2.5                                                                                                                                                       (7) 

 

The effective density of the nanofluid is given by  

 (𝜌𝐶𝑝)𝑛𝑓 =  1 − 𝜑 (𝜌𝐶𝑝)𝑓 + 𝜑(𝜌𝐶𝑝)𝑠                                                                                                                (8) 

 
 𝐾𝑛𝑓

𝐾𝑓
=

 𝐾𝑠+2𝐾𝑓 −2∅ 𝐾𝑓−𝐾𝑠 

 𝐾𝑠+2𝐾𝑓 +∅ 𝐾𝑓−𝐾𝑠 
                                                                                              (9)    
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Here 𝜗𝑓 , 𝜇𝑓 , 𝜌𝑓 , 𝐾𝑓  are the Kinematic viscosity, dynamic viscosity, density and thermal conductivity of 

the base fluid respectively  𝜌𝑠  , 𝐾𝑠  ,    𝜌𝐶𝑃 𝑠   are the density, thermal conductivity and heat capacitance of the 

nanoparticles respectively; 𝜑  is the solid volume fraction of nanoparticles and  𝐾𝑛𝑓  is thermal conductivity of 

the nanofluid. Subscripts f and  s are used for base fluid and nanoparticles respectively. In  this case, water as 

base fluid with nonoparticles of copper and silver are studied. 

 

Table1: Thermophysical Properties For Pure Water And Various Types Of Nanoparticles. 

 

 
  

III. SOLUTION OF THE PROBLEM  
 To simplify the mathematical analysis of our study we introduce the following similarity transformations 
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Where 𝜓 𝑥, 𝑦  
 
is the stream function with    𝑢 =
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 𝜃 𝜂  = dimensionless temperature. 

𝑓 𝜂 = dimensionless velocity 

where primes denote differentiation with respect to the similarity variable η.

 

By applying the introduced 

similarity transforms (10) on the governing equations (1-3), the equations  are reduces as follows,
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Subject  to  the fo l lo wing  boundary condit ions:  
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The physical  quant i t ies of interest  in this prob lem are the loca l  skin fr ic t ion coefficient  

C f  and the Nusse lt  number  Nu x ,  which are defined as  
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Where ,  

w  is  the  sur face  shear  s tress and wq is  the  sur face hea t  flux ,which are given by  
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Using the similarity variable (10), we obtain  

 
)0(

1

1
Re

5..2

2/1 fC fx 




                       

(16))0(Re 2/1 

f

nf
x

k

k
Nu

 

fwx vxu /Re 
    is the local Reynolds number. 

IV.  RESULTS AND DISCUSSIONS 

In the present paper an analysis is carried out numerically to study the effect of the magnetic field on 

the boundary layer flow of the nanofluids over an isothermal stretching surface. Two types of nanofluids namely 

Ag–water and Cu–water are considered. It is found that the behavior of the fluid flow changes with the change 

of nanoparticle  type.As the governing boundary layer equations (11) and (12) are non linear, it is not possible to 

get the closed form solutions. As a result, the equations with the boundary conditions (13) are solved 

numerically using Runge - Kutta forth order method with a systematic guessing of f ′′ 0  and θ′ 0  by the 

shooting technique until the boundary conditions at infinity are satisfied. The step size ∆𝜂 = 0.001 is used while 

obtaining the numerical solution. The numerical computations are carried out for velocity, temperature at 

different values of magnetic parameter M and are presented in figures 1- 6.  
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Table2: Thermophysical Properties of Ag- water Nanofluid. 

 

 
 

Table3: Thermophysical Properties of Cu- water Nanofluid. 

 
 

Fig1. It shows the dimensionless velocity f '(η) for various values of magnetic parameter M. As the 

value of magnetic parameter M increases,the retarding force increases because of interaction of electric and 

magnetic fields   and consequently the velocity decreases. Fig2. Exhibits the effect of shear stress distribution 

for various values of M. It is observed that the magnitude of the wall of shear stress given by (1/(1-Ф)
2.5

)f "(0) 

decreases  when the value of magnetic parameter M increases. Fig 3: Dipicts the dimensionless velocity profiles 

for selected values of volume fraction Ф. it shows that increase of nanoparticle volume fraction have not 

significant effect on the velocity profile. Fig 4: Shows effect of Prandtl number Pr on volume fraction for Cu-

water and Ag-water nanofluids. It is obvious that as prandtl number Pr decreases volume fraction increases in 

both    the cases and the decrease of Pr is slightly more for Ag- water nanofluid than Cu- water   nanofluid. Fig 

5: Reveals the effect of volume fraction on density of the Cu-water and Ag-water nanofluids.It is observed that 

when volume fraction increases, density of all nanofluids increases and the increase is more for Ag –water 

nanofluid than other nanofluid. Fig. 6. It exhibits the temperature profile for selected values of volume fraction 

Ф. It is very much evident from the fig that temperature of nanofluids increases as the value of volume fraction 

increases. 
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Figure1.Effect of magnetic parameter M on dimensionless velocity profiles f '(η) 

 

 
Figure2: Shear stress distribution for various values of M 

 

 
Figure3: Dimensionless velocity profiles for selected values of volume fraction Ф 
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Figure 4: Effect of Prandtl number Pr on volume fraction for Cu-water and Ag-water nanofluids 

 

 
 

Figure 5: Effect of volume fraction on density of the Cu-water and Ag-water nanofluids 

 

 
 

Figure 6: Temperature profile for selected values of volume fraction Ф 
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V. CONCLUSION  
In this paper the effect of the magnetic field on the boundary layer flow of the nanofluids over an 

isothermal stretching surface was presented. Velocity and temperature distribution in the flow and thermal 

boundary layers studied. Numerical results prove that nanofluids under the influence of magnetic field lead to 

drop of dimensionless velocity and magnitude of the wall of shear stress at the surface. However, it was also 

observed that when volume fraction increases, density and temperature of all nanofluids increases. Such effects 

were found to be more evident in the Ag–water solution than in the Cu–water solution 
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