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Abstract:- So far, many methods have been presented to solve the first-order differential equations. Not many
studies have been conducted for numerical solution of high-order differential equations. In this research, we
have applied Adam Bashforthmulti-step methods to approximate higher-order differential equations. To solve it,
first we convert the equation to the first-order differential equation by order reduction method. Then we use a
single-step method such as Euler, Taylor or Runge-Kutta for approximation of initially orders which are
required to start Adam Bashforth method. Now we can use the proposed method to approximate rest of the
points. Finally, we examine the accuracy of method by presenting examples.
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l. INTRODUCTION

Differentialequations arevery useful indifferent sciencessuch asphysics, chemistry, biology and
economy. To learn more aboutthe use of theseequationsin mentioned sciences, you can see theapplication of
theseequationsinphysics[1,8,6,7,12], chemistry in [16,2,15], biology in [5,4] and economy in [10]. Considering
that most of the time analyticsolution of such equations and finding an exact solution has either high complexity
or cannot be solved, we applied numerical methods for the solution. Due to our subject which is solving the
second-order differential equations, we will refer to some solution methods which have been proposed in recent
years by other researchers to solve the equations. In 1993, Zhang presented a solution method for second-order
boundary value problems [20]. In 2000, Yang introduced quasi-approximate periodic solutions for second-order
neutral delay differential equations[17]. In 2003, Yang presented a method for solving second-order differential
equations with almost periodic coefficients [18]. In 2005, Liu et alobtained periodic solutions for high-order
delayedequations [9]. In 2005, Nieto and Lopez used Green’s function to solve second-order differential
equations which boundary value is periodic [11]. In 2006, Yang et al also applied Green’s function to solve
second-order differential equations [19]. In 2008, Pan obtained periodic solutions for high-order differential
equations with deviated argument [13]. In 2011, Lopez used non-local boundary value problems for solving
second-order functional differential equations [14]. It should be noted that most of these equations have
piecewisearguments. Other parts of this paper are organized as follows. In the second part, we willreview
therequired definitionsandbasic concepts. In the third section, we will propose the basic idea for solve insecond
orderdifferential equations. In thefourth section, we will provideexamplesfor further explanation ofthe method
and in fifth section; it will end with results of discussion.

1. REQUIRED DEFINITIONS AND BASIC CONCEPTS
Definition 2.1. [3]the general form of a second-order differential equation is as follows:

NN _ _
gz + PO Ay =R@O (3-1)

Or it can be more simply stated as below:

y'+pM)Yy, +at)y=R(t)
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In which, p (t), q (t) and R (t) are functions of t and without any reduction in totality, the coefficient of Yis
equal to 1 because also in another way, this coefficient will already convert to one for Y" with dividing by

coefficient of ¥ .
Note:Ifine theequation (3.1) the value ofR (t) is O, then the equationiscalledahomogeneousequation.

Definition 2.2. [3]we say that the function of f(t.5) with variable of y on series of D € R%js true in Lipshitz
condition. If a fix such L > Oexists with this property that when

(ty0) (tyn) € D

(3-2) If(t.y) = flty2)l £ Llyy = 7]

We consider the fix L as a Lipschitz fix forf .

Definition 2.3. [3]we say that the set of © = R*js convex. If, whenever (£1:¥1).(t2, ¥2)belongs to 2 | the point
of (1 =4ty +4ty, (1 - Ay + 4 )which 0 = 4 = Ipelongsto D per eachi.

Theorem2.1.[3] Suppose that f(t:¥)is described on a convex set of 2 © R*_ If a fix such L = @ exists that per
gach (t:V) €D

af
|a—y(t}’j| =L

Then according to the variable of y on 2 in lipschitz condition is true with L fix lipschitz.
Theorem3.2. [3]suppose that 0 = {(t.3)a < t < b, —00 <y < 0}anq f(£,¥) are contiguous on D. when /-

is true in lipschitz condition according to the variable of y on D, then problem of initial value of y(a) =a,

a=t=band ¥ = F(L¥) have unique solution of Y(£) per a =t = b,
Definition 3.4. [3]a multi-steps technique to solve the problem of initial value.
(33 ¥ =flty a<t<bh, y(a) = a
It is a technique that its’ differential equation is to find the approximation of W:+1 in the network point of tiva
which can be shown by below equation in which " is an integer greater
Wisg = Gy Wy + Gy Wiy + o F @qWoag o HR[D, f(tg, Wisq) + by (£ W)
(3-4) o by f(tg e Wis1—m )]
Per each! =™ — LM, .., N =1 iy which the initial values of
(3-5)Wo = Eg Wy = @y, Wy = Ay e, Wiy = &
_(b—a
. _h=TE
Are determined and as typical

When 2 =0, we call it explicit or open method and in the equation (3-2) it gives the value of W:+1 explicitly
w

m—1

based on predetermined values. When &~ # 0 we call it implicit or close method, because
sides of (3-4) and it can be determined only with an implicit method.

i+1 appears in both

1. THE MAIN IDEAFOR SOLVINGSECOND-ORDERDIFFERENTIAL EQUATIONS
We consider the differential equations as following in which t is an independent variable and y is a dependant
variable.

d? d
(4-1) =ty
Now to solve such equations, we act as follows:
d

(4.2) —=p
According to the equation (2-3), we convert the relation (1-3) to two first-order differential equation as follows:

d
(4.3) —=p=f(ty,p)

d
(4.4) +=p=fyp)

Then we use Adam Bashforth’s two-steps, three-steps and ... method to solve the equations (4-3) and (4.4).
Suppose that the initial condition for (4-3) and (4-4) are given as below:

(4.5) y(to) = yo, ¥'(to) = p(to) = po
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Now, if we want to use n-step Adam Bashforth method for n= 2, 3, 4... in this case we should use n-1 initial
step with a single-step method such as Euler, Taylor or Runge-Kutta. In this research, for example we describe
the Runge-Kutta single-step methodto approximate the n-1 initial step as following:

(4.6) Y(tn) = Y, ¥ &) =ptn) =P 0<m<n
Then we describe

I ky = hfl(tmrwmrvm)
4.7 .

kz = hfl(tm + h,Wm + kl,vm + ll)

ko = hfz(tm,Wm,vm)

(4.8) I .

kz = hfz(tm +h, Wy, + kl,vm + ll)

Now suppose that we want to obtain the value ofv,,, 4 1, Wy, +10Y vy, W, , We have:
Wint+1 = Wn +%(k1 +k3)

4.9 .

1

Um1 = U +5 (4 + 1)

Now suppose that we are in n step that after this step we want to use Adam Bashforth multi-step method,;

general form of these methods is as below:

(4.20)
(Wi+1 =a,-1w; +a,_o,w;_1+--+ AoWi—_(n-1) + h(bn—lfl (ti'Wi'vi)
{ + -+ 4 bof1 (tim(n-1)s Wi-(n—1): Vi—(n-1))
k Wo = o, W1 = A1, .. , W1 = U1
That the relation (10-3) is determined peri = n,n + 1, ..., N
And also
(Vie1r = Cno1Vi + CozVimg + -+ CoVi—u—1) + h(bp—1f2(ti;, wivi)
(4.11) { -+ bo fo (ti—u-1), Wi (n-1), Vin-1))

k Vo = Bo, V1 = By r Vn—1 = Pu—1
Now in continue we will discuss about the process of obtaining multi-step methods mentioned above briefly.
5. Numerical examplesand tables
In this section, the approximate solutions obtained from Adam Bashforth multi-step methods are compared with
exact solution by using numerical example and we obtain their proximity rate to the exact solution.
Example: find the solution of the following second-order linear equation

y =6y +9y=0 y(0)=0, y(0)=2, te[01]

The exact solution isy = 2te3".
Note 1:we have shown m-step Adam Bashforth methods and their derivatives with AB,, s AB,, respectively in
below tables.
Note 2:in below tables, which we have used m-step Adam Bashforth methods for approximation, we have
obtained previous m-1 step with a single-step method; here Euler and Runge-Kutta methods are applied to
obtain previous m-1 step.

Table 1: in this table, the approximate solutions obtained from
AB,AB,, are compared with each other to approximate the true answer.

t y AB, AB, |y — AB,| ly — AB,|
0 0 - o - -

0.1 0.2700 - - - -

0.2 0.7288 0.5800 - 0.1488 -

0.3 1.4758 1.2015 - 0.2743 -

0.4 2.6561 2.1779 1.9920 0.4782 0.7341
0.5 4.4817 6.677 3.4089 0.8046 1.0728
0.6 7.2596 5.9408 | 5.6759 1.3181 1.5836
0.7 11.4326 9.3145 9.0902 2.1182 2.3424
0.8 17.6371 14.2897 14.2047 3.3474 3.4324
0.9 26.7835 21.5636 21.7309 5.2199 49934
1 40.1711 32.1216 32.9390 8.0495 7.2321
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Table 2:in this table, the approximate solutions obtained fromAB, s AB,methods are compared witheach
other to approximate true answer derivation which meansy'.

t Y AB, AB, |y — AB,| |y — AB}|
0 2 = = - s

0.1 3.5096 - - - -

0.2 5.8308 5.2100 - 0.6208 .

0.3 9.3465 8.2460 - 1.005 -

0.4 14.6085 12.7434 11.6656 1.865 2.9429
05 22.4084 19.3392 18.2125 3.0693 4.1959
0.6 33.8870 28.9374 27.8049 4.9406 6.0732
0.7 50.6303 42.8139 41.8019 7.8163 8.8284
0.8 74.9576 62.7640 62.2173 12.1936 12.7403
0.9 110.1100 91.3079 91.8201 18.8022 18.2899
1 160.6843 131.9753 1345014 28.7090 26.1828

Again we solve the previous example with two-step and three-step methods except that in previous
examples we selected Euler driver single-step method and tables 3 and 4 are Runge-Kuttadriver single-step
method.

Table 3: in this table, the approximate solutions obtained fromAB, s AB, methods are compared with
eachother to approximate the true solution (Runge-Kutta second-order single step method is used).

T Y AB, AB, ly — AB,| ly — AB,|
0 0 - - - -

0.1 0.2700 - - - -

0.2 0.7288 0.6805 - 0.0483 -

0.3 1.4758 1.3533 - 0.1225 -

0.4 2.6561 2.4028 2.4247 0.2533 0.2314
0.5 4.4817 4.0069 4.1485 0.4748 0.3332
0.6 7.2596 6.4207 6.7695 0.8389 0.4900
0.7 11.4326 10.0083 10.7052 1.4244 0.7275
0.8 17.6371 15.2872 16.5673 2.3499 1.0698
0.9 26.7835 22.9908 25.2212 3.7927 1.5623
1 40.1711 34.1549 37.9010 6.0162 2.2701

Table 4: in this table, the approximate solutions obtained from AB, s AB, are compared with each other

for derived approximation of true solution (Runge-Kutta second-order single step method is used).

T y AB, 4B, ly — 4B, ly — AB}|
0 2 - - - -

0.1 3.5096 - - - -

0.2 5.8308 5.6420 - 0.1888 -

0.3 9.3465 8.8771 - 0.4694 -

0.4 14.6085 13.6532 13.7373 0.9554 0.8712
0.5 22.4084 20.6432 21.1749 0.7653 0.2336
0.6 33.8780 30.7981 32.0877 3.0800 1.7904
0.7 50.6303 45.4586 48.0042 5.1717 2.6260
0.8 74.9576 66.5100 71.1368 8.4476 3.8208
0.9 110.1100 96.5974 104.5831 13.5126 5.5269
1 160.6843 139.4237 152.7439 21.2606 7.9404

V. CONCLUSION

In this research, we used Adams Bashforth multi-step methods to solve high-order differential
equations. In the example solved, tables 1 and 2 respectively are showing the comparison of approximate
solutions obtained from multi-step methods and their derivatives with true answer and derivatives of true
answer. Tables 3 and 4 are as well as tables 1 and 2 except that in tables 1 and 2, Euler driver single-step method
is used and in tables 3 and 4, Runge-Kutta deriver single-step method is used. It should be noted that the
accuracy of Runge-Kutta driver method is more than the Euler driver method. However, in Adam Bashforth
method, as the number of steps increase, the greater accuracy will be obtained.

ACKNOWLEDGEMENTS
This article has resulted from the research project supported by Islamic Azad University of Ayatollah
Amoli Branch in Iran.

WWW.ajer.org

Page 321




American Journal of Engineering Research (AJER) 2014

[1]

(2]

[3]
[4]

[5]
[6]
[7]
8]
[9]
[10]
[11]
[12]
[13]
[14]

[15]

[16]

[17]

[18]
[19]

[20]

REFERENSES
C.J. Budd, A. Iserles, Geometric integration: numerical solution of differential equations on manifolds,
philosophical transactions: mathematical, Physical and Engineering Sciences: Mathematical 357 (1999)
945-956.
J. Behlke, O. Ristau, A new approximate whole boundary solution of the Lamm differential equation
for the analysis of sedimentation velocity experiments, Biophysical Chemistry 95 (2002) 59-68.
R.L. Burden, J.D. Faires, Numerical Analysis,
G.A. Bocharov, F.A. Rihan, Numerical modelling in biosciences using delay differential equations,
Journal of Computational and Applied Mathematics 125 (2000) 183-199.
R.V. Culshaw, S. Ruan, A delay-differential equation model of HIV infection of CD4+ T-cells,
Mathematical Biosciences 165 (2000) 27-39.
H. Gang, H. Kaifen, Controlling chaos in systems described by partial differential equations, Phys.
Rev. Lett. 71 (1993) 3794-3797.
A.R. Its, A.G. lzergin, V.E. Korepin, N.A. Slavnov, Differential equations for quantum correlation
functions, International Journal of Modern Physics B 4 (1990) 1003-1037.
A.V. Kaotikov, Differential equations method: the calculation of vertex-type Feynman diagrams,
Physics Letters B 259 (1991) 314-322.
Y. Liu, P. Yang, W. Ge, Periodic solutions of higher-order delay differential equations, Nonlinear
Anal. 63 (1) (2005) 136-152.
R. Norberg, Differential equations for moments of present values in life insurance, Insurance:
Mathematics and Economics 17 (1995) 171-180.
J.J. Nieto, R. Rodri’guez-Lopez, Green’s function for second-order periodic boundary value problems
with piecewise constant arguments, J. Math.Anal. Appl. 304 (2005) 33-57.
Y.Z. Peng, Exact solutions for some nonlinear partial differential equations, Physics Letters A 314
(2003) 401-408.
L. Pan, Periodic solutions for higher order differential equations with deviating argument, J. Math.
Anal. Appl. 343 (2) (2008) 904-918.
R. Rodri’guez-Lopez, Nonlocal boundary value problems for second-order functional differential
equations, Nonlinear Anal. 74 (2011) 7226-7239.
U. Salzner, P. Otto, J. Ladik, Numerical solution of a partial differential equation system describing
chemical kinetics and diffusion in a cell with the aid of compartmentalization, Journal of
Computational Chemistry 11 (1990) 194-204.
J.G. Verwer, J.G. Blom, M. van Loon, E.J. Spee, A comparison of stiff ODE solvers for atmospheric
chemistry problems, Atmospheric Environment 30 (1996) 49-58.
R. Yuan, Pseudo-almost periodic solutions of second-order neutral delay differential equations with
piecewise constant argument, Nonlinear Anal. 41
(2000) 871-890.
R. Yuan, On the second-order differential equation with piecewise constant argument and almost
periodic coefficients, Nonlinear Anal. 52 (2003) 1411-1440.
P. Yang, Y. Liu, W. Ge, Green’s function for second order differential equations with piecewise
constant arguments, Nonlinear Anal. Theory Meth. Appl.64 (8) (2006) 1812—-1830.
F.Q. Zhang, Boundary value problems for second order differential equations with piecewise constant
arguments, Ann. Diff. Egs. (1993) 369-374.




