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ABSTRACT : Let G be a finite, non-trivial, simple and undirected graph with vertex set V and an edge set Eof
order n and size m. For an one-one assignment f : V(G)—{1, 2, .... n}, A Quotient labelingf* : E(G)— {1, 2, .....

, n} is defined by f (uv)= l%] where f(u) > f(v), then the edge labels need not be distinct. The maximum value

of *(E(G)) is known as q(f*), the g-labeling number.The quotient labeling number Q_(G) is the minimum value
among ¢;(f*). In this paper the quotient labeling number for a family ofladder graphs like open ladder, closed
ladder, open triangular ladder, closed triangular ladder, slanting ladder, step ladder, open diagonal ladder are
calculated.

KEYWORDS:closed ladder, open ladder, triangular ladder, slanting ladder, step ladder, open diagonal ladder,
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I. INTRODUCTION
Graph labeling is an assignment of set of integers to the set of vertices, edges or both based on certain
conditions. In 1967, Alex Rosa introduced the graph labeling problems. Graph labeling problems are useful
family of mathematical models applied in many areas such as radar, missile guidance, radio frequency
modulation, circuit designing and many more.Every year an updated survey comes about various types of
labeling by J.A. Gallian [1]. From the survey, various types of labeling analyzed and introduced a new type of
labeling called quotient labeling [6]. For notations and terminology we follow [2].

Il. PRELIMINARIES

All graphs considered in this paper are finite, simple, non-trivial and undirected graphs. The definitions
and terminologies that we are using in this paper are followed. The following definition that are relevant to this
paper are used.
Definition:A ladder graph [3] L, is defined by L, = P, X K, where P, is a path with n vertices and x denotes the
Cartesian product and K is a complete graph with two-vertices.
Definition:An  Open ladder[8] O(L,), n>2 is obtained from two paths of length n-1
with V(G) = {u;, vi: 1£i<n } and E(G) = {uju; 41 Vivi41: 1 <i<n—-1}U {wyv; : 2 <i <n-1}.
Definition:A slanting ladder SL,, [5] is the graph obtained from two paths u,u, ... u, and viv; ... v,, by joining
each u;with vi,y, 1 <i<n-1.
Definition:A triangular ladder [7] TL,, n > 2 is a graph obtained from L, by adding the edges ujvi.;, 1 <i<n-
1. The vertices of L, are u; and v;. u; and v; are the two paths in the graph L, wherei= {1,2 ... n}.
Definition:An open Triangular ladder [81] O(TL,), n>2 is obtained from an open ladder O(L,) by adding the
edges ;i for 1<i<n-1.
Definition:Let P, be a path on n vertices denoted by (1,1),(1,2),...,(1,n) and with n-1 edges denoted by e, e,,
..., €n.1 Where g; is the edge joining the vertices (1,i) and (1,i+1). We erect a ladder with no of steps equal to n-(i-
1). The number of steps include the edge e; also where i = {1, 2 ... n-1}. The graph obtained is called a step
ladder graph [9] and is denoted by S(T,), where n denotes the number of vertices in the base.
Definition: An open diagonal ladder [8] O(DL,) is obtained from a diagonal ladder graph by removing the
edges u;v;, for i =1 and n.
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Definition: A Mobius ladder graph M, [4] is a graph obtained from the ladder P, x P, by joining the opposite
end points of the two copies of P,..

Definition:[6] Let G (V, E) be a finite, non-trivial, simple and undirected graph of order n and size m. For an
one-one assignment f : V(G)—{1, 2, .... n}, A Quotient labeling f* :E(G)— {1, 2, ..... , n} is defined by
f'(uv)= l;i—:iJ where f(u) > f(v), then the edge labels need not be distinct. The maximum value of f*(E(G)) is
known as q(f*), the g-labeling number. The Quotient Labeling Number Q,(G) is the minimum value among

ai().

111. MAIN RESULT
Lemma: 3.1The quotient labeling number of a ladder graph L, is 3.
Proof: Let G =L,be a ladder graph on 2n vertices with V (G) = {u;,v;:1 < i <n} and
E@QG)={uu;1vivis1:1<i<n—-1} U{yv;: 1 <i<n}.
Define f: V(G) —{1,2,....2n} as follows: f(u;)=2i for 1<i<
n f(v;)=2i-1 for 1< i <n For the above vertex labeling we get f*(E(G)) ={ 1, 2, 3}
Therefore the maximum value of f*(E(G)) is equal to 3. Then q,(f*) =3. Since minimum degree 8(G) =2 and
maximum degree A(G) =3. Therefore q;(f*) can take the value 3 or 4.
Here q,(f*) =3 and is minimum. Hence Q,(L,)=3.
Lemma: 3.2 The quotient labeling number of an open ladder graph O(L,) is 2.
Proof: Let G =O(L,)be an open ladder graph on 2n vertices with
V (G)={u;,v;:1<i<n}and
E@G) ={uu;viviz1:1<i<n—-1} U{wv;: 2 <i<n-1}.
Define f: V (G) — {1, 2, .... 2n} as follows: f(u;))=1ifori= 1, 2.
f(us) = 4,
f(v1) = 5,f(v;) =3
f(v)) =2ifor3 <i<n
f(u;) = 2i-1for 4 <i < nFor the above vertex labeling we get f*(E(G)) ={ 1, 2}
Therefore the maximum value of f*(E(G)) is equal to 2. Then ¢,(f*) =2. Since minimum degree 8(G) =1 and
maximum degree A(G) =3.Therefore q,(f*) can take the value 2 or 3 or 4.
Here q,(f*) =2 and is minimum.
Hence QL(O(L,))=2.
Example: 3.3The quotient labeling of an open ladder graph O(L,,) is shown below.
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Fig.1. Quotient labeling of O(L;)

Theorem: 3.4The quotient labeling number of (i) a ladder graph L, is 3 (ii) an open ladder graph O(L,) is 2.
Proof: Case (i) Let G = L, be a ladder graph.

The Proof follows Lemma 3.1.

Case (ii) Let G = O(L,)be an open ladder graph.

The Proof follows Lemma 3.3.

Theorem: 3.5The quotient labeling number of a slanting ladder graph SL, is 2.

Proof: let G = SL, be a slanting ladder graph on 2n vertices with V(G) = {v;, u; : 1<i<n } and
E(G) = {(Vili+1), (ViVis), (Uilis1) : 1<i<n-1}. Define f: V(G) —{1,2,....,2n} as follows:
f(ug)=1, f(u;)=2(i-1) for 2< i< n. f(v;)=2i+1 for

1<i<n-1. f(v,)=2n.

For the above vertex labeling f*(E(G)) = {1, 2}. Therefore the

maximum value of f*(E(G)) is equal to 2.

Then q,(f*) =2. But in G, 8(G) =1 and A(G) =3. Therefore q,(f*) can take the value 2 or 3 or 4.
Here q,(f*) =2 and it is minimum.

Hence Q_(SL,)=2.
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Example: 3.6The quotient labeling of any slanting ladder SL 4 is shown below.
3 3 ! 9 11 13 15 17 19 20
b : ®
1 2 4 6 8 10 12 14 16 18

Fig.2. Quotient labeling of SLy

Lemma: 3.7The quotient labeling number of a triangular ladder TL,,, n>2 is 3.

Proof: let G = TL,, be any triangular ladder graph on 2n vertices with

V (G)={u;,v;:1 <i<n}and

E@QG)={uu;1vivis1:1<i<n—1} U{yyv; : 1 <i <n}u {viuyyg : 1 <1 <n-1}
Define f: V(G) —{1,2,....,2n} as follows:

f(ui)= 2i-1 for 1<i<n

f(v;)=2i for 1<i<n.

For the above vertex labeling f*(E(G)) = {1, 2, 3}.Therefore the maximum value of f*(E(G)) is equal to 3.
Then q,(f*) =3. But in G, the minimum degree 3(G) =2 and maximum degree A(G) =4.
Therefore q,(f*) can take the value 3 or 4 or 5. Here ¢,(f*) =3 and it is minimum.
Hence Q. (TL,)=3.

Example: 3.8The quotient labeling of the triangular ladder TLy, is shown below.
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Fig.3. Quotient labeling of TLy,

Lemma: 3.9 The quotient labeling number of any open triangular ladder O(TL,), n>2 is 2.

Proof: let G = O(TL,) be any triangular ladder graph on 2n vertices with

V (G) = {u,vi:1<i<n}and E(G) = {ujuj41vivig:1<i<n—1} U{yv;: 2 <i<n-1}U {viuyy 1 1 <
i <n-1}. Define f: V(G) —{1, 2, .... 2n} as follows:

f(u) =i fori=1,2.
f(u;) = 2i-1 for 3<i<n.
f(vi) =3,

f(v;)=2i for 2< i< n. For the above vertex labeling f*(E(G)) = {1, 2}.

Therefore the maximum value of f*(E(G)) is equal to 2.

Then q,(f*) =2. But in G, the minimum degree 3(G) =1 and maximum degree A(G) =4.
Therefore q,(f*) can take the value 2 or 3 or 4 or 5.

Here q,(f*) =2 and it is minimum.

Hence Q_(O(TL,))=2.

Example: 3.10 The quotient labeling of an open triangular ladder O(TL,g) is shown below.
18

3 4 3] 8 10 20
WM

10
2 5 7 g 7 19

12 14 16
1n 13 15 1
Fig.4. Quotient labeling of O(TL )

Theorem: 3.11The quotient labeling number of (i) a triangular ladder TL, is 3, (ii) an open triangular ladder
O(TLy) is 2.
Proof: Case (i) Let G =TL, be a triangular ladder graph.
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The Proof follows Lemma 3.7.
Case (ii) Let G = O(TL,)be an open triangular ladder graph.
The Proof follows Lemma3.9.

Theorem: 3.12The quotient labeling number of a step ladder graph S(T,) is 3.

Proof: Let G = S(T,) be a step ladder graph with n-(i-1) steps for 1<i<n.

Let v, jbe the n vertices on the base where 1< j<n.

Let v, j be the n vertices on the second stage above the base for 1< j<n.

Let v jbe the n-1 vertices on the third step for 1< j< n-1, proceeding like this we have vertices for n-(i-1) steps.
Now the vertices of S(T,) is denoted by v; j, where i denote the row from bottom to top and j denote the column

from left to right and 1< i< n, 1< j< n.Now the graph S(T,) has - 32 ertices and n(n+1)-2 edges with

deg (v11) = deg (Vi) = deg (V2 n) = deg (V1) = 2, deg (Vin.i+2)= 2 for 35 i< n, deg (v;, 1) = 3 for 2< i< n-1, deg
(vi, j) =3 for 2< j< n -1 and deg (vi, ) =4 for 1< i< n-1, I< j< n-1 and j # n-i+2
Define f: V(G) —{12,...., 302
f(vy, 1) =1,

f(Vl’ J) = f(vl,j-l) +j for 25_]5 n f(Vi’ 1) = f(vi-l, 1) +i-1 for 2<i<n

f(vi;j) = f(vig,j) +i 4j-2 for 2<j<n-1, 2<i<n-1f (vij) = f(viq,j) +i +j-3 for 2< j<n, 2<i< n and (it)) = n+2.
For the above vertex labeling f*(E(G)) = {1, 2, 3}. Therefore the maximum value of f*(E(G)) is equal to 3.
Then q,(f*) =3. But in G, 8(G) =2 and A(G) =4.

Therefore q,(f*) can take the value 3 or 4 or 5.Here q,(f*) =3 and it is minimum.

Hence Q. (S(T,))=3.

} as follows:

Example: 3.13The quotient labeling of the step ladder S(T¢) is shown below.
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Fig.5. Quotient labeling of S(T¢)

Theorem: 3.14The quotient labeling number of an open diagonal ladder graph O(DL,) is 3.

Proof: Let G =O(DL,) with

V(G) ={u;, vi : I<i<n} and E(G) = {(uiliv1), (ViVier), (UiVisr), (Villin) @ 1<i<n-1} U {(uivy) : 2<i<n-1}
Define f: V(G) - { 1,2, ....., 2n} by

f(u;) = 2i-1 for 1<i<n

f(vy) =4, f(v,) =2,

f(v;) = 2i for 3<i<n.

For the above vertex labeling we get f*(E(G)) = {1, 2, 3}

Therefore the maximum value of f*(E(G)) is equal to 3.

Then ¢,(f*) = 3. Since minimum degree 8(G) = 2 and maximum degree A(G) = 5. Therefore q,(f*) can take the
value 3 or 4 or 5 or 6. Here q,(f*) = 3 and it is minimum. Hence Q. (G) = 3.

Example: 3.15The quotient labeling of the composition graph O(DL ) is shown below.
s 7 o .. 13 s |"\ I’v
\\‘ / \ﬁ \\ \ /><.

Fig.6. Quotient labeling of O(DL )
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Theorem: 3.16 The Quotient labeling number of a Mobius ladder graph M, is 4.Proof: Let G = M, with V(G) =
{vi, Ui : 1= i< n | and E(G) = {{(Uitiix1), (Vivis1) : 1= n-1} U {(Uivi), (UsVi), (UpVy) @ IS i< n}.

We prove this theorem on two different cases on n.

Case (i): nis odd. Define f: V(G) - { 1, 2, ....., 2n} by

f(v)) =2i-1fori=1, 2.

f(v)) = 4(i-1) -1 for 3< i< [2]

f(uy) =2 () = 4i-3 for 2< i< [3] f(va) = 4(i+1)+2 for 0= i< [3] - 2

f(up) = 4(i+1) for 0<i< [}] = 2 For the above vertex labeling we get f*(E(G)) = {1, 2, 3, 4}

Therefore in this case the maximum value of f*(E(G)) is equal to 4.

Case (ii): nis even. Define f: V(G) - { 1, 2, ....., 2n} by

f(v)) =2i-1fori=1, 2.

f(vi) = 4(i-1) -1 for 3<i< 2 +1

f(uy) = 2f(u;) = 4i-3 for 2< i< 2 f(Vyg) = 4(i+1)+2 for 0<i< > — 2

f(un.) = 4(i+1) for 0< i< % — 1 For the above vertex labeling we get f*(E(G)) = {1, 2, 3, 4}

Therefore in this case the maximum value of f*(E(G)) is equal to 4. By cases (i) and (ii) the maximum value of
the quotient labeling is 4.

Then q,(f*) = 4. Since in G, 3(G) = A(G) = 3.

Therefore q,(f*) can take the only value 4.

Here q,(f*) = 4 and it is minimum. Hence Q. (G) = 4.

Example: 3.17 The quotient labeling of a Mobius ladder graph My, is shown below.

e
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Fig.7. Quotient labeling of My,

IV. CONCLUSION

Quotient labeling number for some ladder graphs are calculated in this paper Calculating quotient labeling
number for other family of graphs is our future work.
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