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ABSTRACT 

This study investigated heavy metal transport in soil-groundwater media using mathematical modelling. Initial 

heavy metal release onto the soil surface was modelled over time, analysing migration patterns and 

concentration variations across vertical and horizontal domains up to 100 m. Results indicate significant 

vertical and horizontal migration of the heavy metal from the initial release point. While surface concentrations 

remained relatively stable over the simulated period (ranging from 1.0120 mg/l to 1.01598 mg/l), concentrations 

at a depth of 100 me showed a pronounced increase over time, rising from 0.000782 mg/l after one year to 

0.09383 mg/l after ten years. At 100 m depth, the heavy metal concentration increased by 99.17% from one to 

ten years, and 81.12% from five years to ten years. This suggests that while minimal change occurred near the 

surface, a significant downward transport occurred, with concentrations increasing considerably with depth and 

time. Sorption mechanisms and hydrodynamic dispersion are identified as factors that influence the transport of 

the heavy metal contaminant in the media. Changes in concentration along the horizontal direction is smaller 

compare to the vertical direction. Simulated concentrations at depths from 60 m down are generally low, 

signifying aquifer zone with quality water suitable for drinking. Ultimately, this model approach offers a 

valuable insight into heavy metal transport mechanisms and potential accumulation within soil and 

groundwater storage system. 
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I. INTRODUCTION 

Groundwater is the primary source of water for household consumption, industrial activities, and 

agriculture. Availability of groundwater resource and its sustainability is critical globally. This is because 2.5 

billion of the global population depend solely on groundwater to meet their basic daily water needs, with 

millions of farmers relying on it to sustain food supply (UNESCO, 2012). Groundwater also supports the basic 

flow of rivers and maintains the aquatic ecosystems. However, climate change and natural variability in water 

distribution and occurrence threaten the sustainable development of water resources by stressing both the quality 

and quantity of freshwater from rivers, lakes, groundwater, soil moisture, and ice around the world (Namitha et 

al., 2019; Aghlmand&Abbasi, 2019). 

 

The conservation and management of groundwater resources are critical challenges for meeting the 

increasing water demand for agricultural, industrial, and domestic uses. Over-exploitation leads to the depletion 

of aquifer systems and causes environmental issues such as land subsidence, deterioration of water quality, and 

saltwater intrusion in coastal areas (Ujile&Owhor, 2018). The utilization of groundwater increases annually, 

often surpassing the use of surface water (Prakash, 2018). Additionally, the uncertainty over groundwater 

availability and replenishment rates presents significant challenges in their effective management and reduce 

their ability to serve as buffer to surface water scarcity, especially during droughts (Khalili et al., 2016; Pathak et 

al., 2018). The over-exploitation and contamination of water resources have further impacted the environment, 

affecting ecosystems and human health. 
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Rainfall contributes to the challenges of groundwater management as low rainfall, in addition to 

continuous extraction of groundwater resources, can significantly affect the quality and quantity of groundwater. 

A decline in groundwater levels is a clear indication of water scarcity (Pathak et al., 2018). For example, it was 

estimated that about 60 percent of groundwater could decline within the next decades. (WWAP, 2015). 

Therefore, sustainable management of groundwater resources necessitates judicious use and effective policies. 

Public awareness about threats to water resources and surrounding ecosystems is essential to reduce challenges. 

Policy decisions regarding water management are necessary to promote responsible use and conservation of 

water.  

 

Various techniques are involved in protecting groundwater from contamination. Theses could range 

from identifying pollution sources, treating polluted water, and implementing regulations to prevent further 

pollution. Continuous monitoring and assessment of groundwater quality are also vital to ensure the safety and 

sustainability of water supplies. Quantification of groundwater can be achieved through both indirect and direct 

methods using aerial, surface, and sub-surface techniques. Surface methods include electrical resistivity 

surveying, vertical electrical sounding, gamma-ray logging, and seismic refraction surveying, which are used to 

identify groundwater availability and quality. On the other hand, sub-surface techniques involve tracer tests and 

geophysical logging. Aerial techniques utilize remote sensing methods such as photo geology, Landsat/IRS 

imagery, infrared imagery, and electromagnetic methods to facilitate groundwater management (Prakash, 2018). 

 

Other important tools and approaches that can be employed to estimate groundwater contaminants is 

modelling through mathematical approach.Groundwater modelling is crucial tool for both quantification and 

prediction of contaminant level in soil and groundwater media. Mathematical models enable simulation and 

prediction of present and future aquifer behaviour,as well contaminant levels (Koohestani et al., 2013). 

Groundwater models play a vital role in the development, assessment and management of groundwater 

resources. Different types of models have been used for evaluation of groundwater contaminants and flow 

analysis. The models could range from conceptual models to analytical and numerical models.  

 

Studies have utilised mathematical models to study the behaviour and pattern of heavy metals and other 

contaminants in both soil and water (Koohestani et al., 2013; Wu et al., 2024), while other studies use models to 

predict the concentration of heavy metal migration into soil, from a pollution source (Zeng et al., 2023; Ying et 

al., 2024). In this study, the advection-diffusion equation was utilised tomodel the trend of heavy metal in soil-

groundwater media. 

 

II. MATERIALS AND METHODS 

This study utilised mathematical model to simulate the transport of heavy metal contaminant into soil-

groundwater media.2-dimensional advection-diffusion equation was used.The initial heavy metal concentration 

on the soil surface is 5 mg/l, and migrated down across the depth and lateral distance up to 100 metersintothe 

soil-groundwater media. The concentration of the heavy metal at any point in the soil-groundwater media was 

predicted by the model from its initial concentration after 1 year, 5 years and 10 years. The 2-dimensional 

advection-diffusion equation is stated in Equation (1). 
𝜕𝐶

𝜕𝑡
= −𝐷𝑥

𝜕2𝐶

𝜕𝑥2
−𝐷𝑧

𝜕2𝐶

𝜕𝑧2
− 𝑣𝑥

𝜕𝐶

𝜕𝑥
− 𝑣𝑧

𝜕𝐶

𝜕𝑧
      (1) 

 

where:  

𝐶 = Concentration of contaminants 

𝑡 = Duration of contaminant transport (day) 

𝑥, 𝑧 = Direction of transport in x- and z-directions along soil depth (m) 

𝐷𝑥 , 𝐷𝑧 = Diffusion coefficient in x- and z-directions (m2/day) 

𝑣𝑥 , 𝑣𝑧 = Diffusion coefficient (m2/day) 

 

Boundary conditions: 

𝑡   =   0       0 < 𝑋 < ∞;    𝐶   =   0       (2) 

𝑡   >   0       𝑋  =  ∞;    𝐶   =   0        (3) 

𝑡   >   0       𝑋  =  0;   𝐶   =   𝐶𝑜        (4) 

 

The following assumptions were considered for modelling of the transport modelling of the heavy metals in soil 

media:  

i. Heavy metal decay in soil is negligible. 

ii. There is no re-pollution of heavy metal in the soil.  
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iii. Seepage velocity is negligible in horizontal direction (x-direction). 

iv. The diffusion coefficient over the period is constant. 

v. The seepage velocity of heavy metal into the soil is constant. 

 

Therefore, the analytical solution to Equation (1), after applying the boundary conditions and the assumptions, is 

given by Equation (5). 

 

𝐶(𝑥, 𝑧, 𝑡) =
𝐶𝑜

2
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The diffusion coefficient used for x-direction is 10 times less than the diffusion coefficient for z-direction. 

Specifically, the diffusion coefficient used for z-direction is 1.77 x 10-4 m/day, while seepage velocity is 0.0025 

m/day.  

 

III. RESULTS AND DISCUSSION 

The simulated results of the heavy metal transport via diffusion and advection in the soil-groundwater mediaare 

shown in the surface plots, in Figures 1 to 3, after 1 year, 5 years and 10 years transport. 

 
Figure 1: Surface plot of heavy metal transport in soil-groundwater system after 1 year 

 

Figure 1 shows the surface plot of simulated heavy metal transport into soil-groundwater media after 

one year of its initial release onto the soil. The results indicate that from the initial concentration, the heavy 

metal had migrated across the entire domain, from the surface to 100 m in both vertical and horizontal 

directions, with varying concentrationlevels along the grids in both directions.The predicted concentration at the 

source location near the surface is approximately 1.0120mg/l. The lowest predicted concentration was observed 

at 100 m depth, which is approximately 0.000782 mg/l. This indicates that the heavy metal contaminant has 

migrated to this depth but within trace levels. 
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Figure 2: Surface plot of heavy metal transport in soil-groundwater system after 5 years 

 

Figure 2 shows the surface plot of simulated heavy metal transport into soil-groundwater media after five years 

of its initial release onto the soil. The heavy metal transport in the soil-groundwater media from the surface to 

100 m in both vertical and horizontal directions also showed variations in concentration levels, but the 

magnitudes at corresponding points in vertical and horizontal directionswithin the media are higher compare to 

the concentration levels recorded after one year. Thus, after five years, the predicted concentration near the 

surface is approximately 1.01204 mg/l, whilethe lowest predicted concentration at 100 m depth is approximately 

0.01763 mg/l. This indicates that the difference in heavy metal concentration recorded near the surface after one 

year and after five years is negligible, but at 100 m depth, the difference is approximately 0.01685, representing 

95.58% increase. 
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Figure 3: Surface plot of heavy metal transport in soil-groundwater system after 10 years 

 

Figure 3 shows the surface plot of simulated heavy metal transport into soil-groundwater media after 

ten years at various points in the media across up to 100 m in both vertical and horizontal directions. Like after 

one year and five years, the concentration of heavy metal in the soil-groundwater media after ten years also 

varies along the vertical and horizontal directions. However, the concentrations at the corresponding points 

within the media are higher compare to the concentration levels recorded after one year and five years. The 

simulated results indicated that after ten years, the concentration near the surface is 1.01598 mg/l. This implies 

that the concentration did not change significantly from the value recorded after one year (1.0120mg/l) and after 

five years (1.01204 mg/l) at the same point. Nevertheless, at 100 m depth, the predicted concentration is 

approximately 0.09383 mg/l. This indicates that the difference in heavy metal concentration recorded near the 

surface after one year and ten years is relatively negligible (0.00398 mg/l, representing 0.39% increase), but at 

100 m depth, the difference is approximately 0.09305 mg/l, representing 99.17% increase. Similarly, the 

increase in concentration at 100 m depth from five years to ten years is 81.12%. 

 

Overall, thereis visible spreading and downward transport of the metal, with varying concentrations at a 

given point in the soil-groundwater media. The predicted data, however, indicates a negligible change in 

concentration level near surface, after one, five and ten years, while at the depths far below the surface recorded 

significant differences, with concentration levels in the soil-groundwatermedia increasing with increase in years. 

Interestingly, the concentration of heavy metal at the surface reduced by approximately 80% within the first, 

five or ten years. This suggests a high rate of mass transfer, likely due to advection, especially during the wet 

season. In wet (rainy) season, the soil becomes soft and seepage velocity increases, thereby influencing rate of 

contaminants’ transport in soil media. This collaborated the finding by an earlier study that found higher 

concentration of heavy metal in soil during the wet season compared to the dry season (Ito et al., 2022; Kekwaru 

et al., 2023).This may also be attributed to influence of geological structures, such as low-permeability clay that 

strongly binds the heavy metal. Sorption (adsorption and absorption) onto soil particles and hydrodynamic 

dispersion (Tan et al., 2022) within the unsaturated zone are highly likely to limitthe rapid transport of heavy 

metals in soil, particularly when the average pore size of soillayers with high clay content is low. Studies have 

shown that smaller soil particle sizes reduced the movement of contaminants in soil media (Liu et al., 2019).  
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IV. CONCLUSION 

The findings generally show that the heavy metal concentration in the soil-groundwater media exhibit 

remarkable uniformity across the horizontal plane at any given depth compared to changes in the vertical 

direction. This suggests a negligible concentration gradient in the horizontal direction, and the lateral spreading 

is governed purely by radial dispersion.  

 

Furthermore, the simulated concentration at depths up to 60 meters are very low. Thus, for iron, lead, 

chromium or cadmium contaminants with the similar diffusion coefficient and seepage velocity, the 

concentration level at range of depth is within or below the standard permissible limits specified for drinking 

water. Hence, the model provided insights into the transport mechanisms and accumulation of heavy metals in 

soil and groundwater storage system. 

 

REFERENCES 
[1]. Aghlmand, R., &Abbasi, A. (2019).Application of MODFLOW with Boundary Conditions Analyses Based on Limited Available 

Observations: A Case Study of Birjand Plain in East Iran.Water, 11(9), 1904.  

[2]. Ito, D., & Wang, H. (2022).Hydraulic conductivity test system for compacted, 2-mm-thick bentonite specimens.Soils and 

Foundations, 62, 101210. 
[3]. Kekwaru, M. M., Morrison, T., &Abumere, E. (2023).Geo-environmental influence on groundwater quality in Ndele, Southern 

Nigeria.Scientia Africana, 22(1), 279-286. 

[4]. Khalili, K., Tahoudi, M.N., Mirabbasi, R., &Ahmadi, F. (2016). Investigation of Spatial and Temporal Variability of Precipitation in 
Iran over the Last Half Century, Stochum, Environmental Research, Risk and Assessment, 30, 1205–1221. 

[5]. Koohestani, N., Halaghi, M.M., &Dehghani, A.A. (2013). Numerical simulation of groundwater level using MODFLOW Software 

(A Case Study: Narmab Watershed, Golestan Province), International journal of Advanced Biological and Biomedical Research, 
1(8), 858-873. 

[6]. Liu, G., Xue, W., Wang, J., & Liu, X. (2019). Transport behavior of variable charge soil particle size fractions and their influence on 

cadmium transport in saturated porous media. Geoderma, 337, 945–955. 
[7]. Namitha, M.R., Devi, K.J.S., Sreelekshmi, H., &Muhammed, A.P. (2019).Ground Water Flow Modelling Using Visual Mudflow, 

Journal of Pharmacognosy and Phytochemistry, 8(1), 2710-2714. 

[8]. Pathak, R., Awasthi, M.K., Sharma, S.K., Hardaha, M.K., &Nema, R.K. (2018). Ground Water Flow Modelling Using MODFLOW 

–A Review, International of Journal of Current Microbiology and Applied Science,7(2), 83-88. 

[9]. Prakash, V.U.B. (2018). Regional Groundwater Resource Modelling Using MODFLOW – A Case Sudy, Thesis Submitted to the 

Department of Irrigation and Drainage Engineering, Kelappaji College of Agricultural Engineering and Technology, Tavanur - 679 
573, Malappuram, Kerala, India. 

[10]. Tan, B., Liu, C., Tan, X., You, X., Dai C., Liu, S., Li, J., & Li, N. (2022). Heavy metal transport driven by seawater-freshwater 

interface dynamics: The role of colloid mobilization and aquifer pore structure change. Water Research, 217, 118370. 
[11]. Ujile, A.A. &Owhor, S.N. (2018).Developing Mass Transfer Model for Predicting Concentration Profiles of Contaminants in 

Groundwater Resource,Chemical and Process Engineering Research, 57, 67-81. 

[12]. UNESCO (United Nations Educational, Scientific and Cultural Organization) (2012).World’s Groundwater Resources are Suffering 
from Poor Governance, UNESCO Natural Sciences Sector News, Paris. 

[13]. Wu, Y., Yue, H., Zhang, X., Zang, X., Sun, Y., Zhang, C., Wu, J., Le, T-H., & N.X.Q. (2024). Research on the heavy metal migration 

and distribution patterns of low permeability copper and zinc contaminated soil during bottom vacuum leaching. Process Safety and  
[14]. Ying, R., Yang, B., Chen, M., Zhang, X., Zhao, C., Long, T., Hao, H., &Ji, W. (2024).Characteristics and numerical simulation of 

chromium transportation, migration and transformation in soil–groundwater system.Journal of Hazardous Materials, 471, 134414. 

[15]. Zeng, J., Ke, W., Deng, M., Tan, J., Li, C., Cheng, Y., &Xue, S. (2023). A practical method for identifying key factors in the 
distribution and formation of heavy metal pollution at a smelting site.Journal of Environmental Sciences, 127, 552-563. 

 


