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ABSTRACT: Latin squares of order n exist for each n > 1. There are severalways of constructing Latin
squares. Also for n> 2, if the number of reduced Latin squares isknown, then the number of general Latin
squares canbecalculated. This paperproposed a generalmethod to constructsymmetric Latin squares of orderq™
by using blocks of order g which have the basic property of a recursivealgorithmwith the use of
cyclicshiftingmethod. Further, the resultingsymmetric Latin squares have the property of reduced Latin squares.
The proposedalgorithmwastestedmannualy for q=2,3,4 and 5.For higherorder Latin squares wastestedusing
Java progaramm.Thisalgorithmcouldbegeneralized for any g >2 and n >1.
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l. INTRODUCTION

The name “Latin Square” was inspired by mathematical papers by Leonhard Euler (1707-1783), who
used Latin characters as symbols or entries, but any set of symbols can be used. He seems to be the first to
define them using mathematical terminology, and the first to investigate their properties mathematically. Later,
he published them in the paper beginning with the famous 36 officers’ problem (presented to the Academy of
Sciences in St. Petersburg in 1779, published in 1782), and then he immediately launched a more complicated
concepts. There are several applications based on Latin square in Combinatorics [1], Graph theory [2], Design
theory [3], and Statistics [4], and Computer science [5]. The term Latin squares is used in general to describe
groups in algebra. They are characterized as multiplication tables or Cayley Tables of Quasi groups [6]. The
table of values of a Binary operation that forms a Latin Square obeys the property of the Latin Square. Latin
Squares can be used in row-column designs for two blocking factors [7]. Many row column designs are
constructed by combining Latin Squares. Also, the popular Sudoku puzzles are a special case of Latin squares;
any solution to a Sudoku puzzle is a Latin square.

Definition 1: (Latin Square)

A Latin Square of order n is an n x n matrix containing n different symbols such that each symbol occurs in each
row and each column exactly once .[1]

The following is an example of a Latin square of order 4.

N WA =
WA RN
BN W
[N CRICENN

Definition 2: (Reduced Latin Square)
A reduced Latin square of order n is a Latin square that has its first row and first column in the natural order.
[1]The reduced Latin square of order 4 is given by

B wWN -
W R AN
N AR W
_ N W WA
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Definition 3: (Symmetric Latin Square)

Let L be a Latin square of order n. If L=L", where LT is the transpose of L, then L is said to be a Symmetric
Latin square of order n. [1]

Let A and B be two Latin squares of order 4,where

1 2 3 4 1 2 3 4
_ 2 3 4 1 _ 4 1 2 3
A= 3 4 1 2 B= 3 4 1 2
4 1 2 1 2 3 4 1
Then,
1 2 3 4 1 4 3 2
T_ 2 3 4 1xp7_.2 1 4 3
A= 3 4 1 ZB 3 2 1 4
4 121 43 21 _
Note that A=AT whereas B#B". Thus, A is a symmetric Latin square and B is not.

1.1 Mathematical Properties of Latin Squares

1.1.1 Orthogonal Array representation

The set of n? triples called orthogonal array representation of a square if each entry of an n x n Latin square can
be written as a triple (r, c, s), where r is the row, c is the column, s is the symbol.

Consider the Latin square of order 3

WN =
_ W N
N = W

Orthogonal array representation is {(1,1,1), (1,2,2), (1,3,3), (2,1,2), (2,2,3), (2,3,1), (3,1,3), (3,2,1), (3,3,2)}

The definition of Latin square also can be written in term of orthogonal arrays [8]. A squareis a Latin square if
the set of all triples (r, c, s) where 1 < r,¢,s < n, such that all ordered pairs (r, c), (r, ), (c, s) are distinct.

For any Latin square, there are n triples. The orthogonal array representation shows that rows, columns, and
symbols play rather similar roles, as will be made below.

1.1.2 Equivalence classes of Latin square

Many operations on a Latin square produce another Latin square. Permutation is one such operation. If
we permute columns, permute rows, relabeling symbols of a Latin square, a new Latin square isotopic to the
first is obtained.lsotopism is an equivalence relation. The equivalence classes of this relation are called Isotopy
classes. [9] Another type of operation is easy to explain by using orthogonal representation. We can replace (r,
¢, 8) by (c, s, r)likewise altogether there are six possibilities. Those are called conjugate (also parastrophes) of
the original square.Also we can combine above two equivalence operation to form another equivalence relation.
If one of Latin square is isotopic to a conjugate of the other, then those two Latin squares are said to be
paratopic, also main class isotopic.

1.1.3 Orthogonality

When superimposing two Latin squares of order n, say L, and L, we get an n x n array S, ;,yof ordered pairs,
where the (i, j)- th entry is defined by S, 1,y (i, /) = (L1 (G, ), L2 (i, ))) for 0 < i <n.Ifr =Py, ,,,is the number
of distinct ordered pairsobtained after superimposing L, and L, then, L; and L, are said to be
r-orthogonal.Consider the example of order 4given by

1 2 3 4 1 2 3 4
2 3 4 1 3 4 1 2
I-1‘3412 L2‘4123
4 1 2 3 2 3 4 1

(L1 (22) B3) (44
S _ @3 G4 1) (12
Crl)™ (34) (41 (12) (23)
42) (13) 24 G
Here r=12. Thus L; and L, are 12-orthogonal.
Two Latin squares of order n are orthogonal if these squares are superimposed each of the n? ordered pairs
appears exactly once, that is they are n’-orthogonal.

1.1.4Automorphisms
An automorphism is an isomorphism [10] from a Latin square to itself. The automorphism of a Latin square
form a group. [11]
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1.1.5 Partial Latin squares

A partial Latin square of order nis an n x n array in which each cell is filled by either a symbol from
the set {1,2,3,...,n} or a blank, so that no symbol is repeated twice in any row or column. It can be converted to
a Latin square if it is possible to place symbols in the blank cells.[12] Also, there are partial Latin squares that
cannot be converted to a Latin square.
Consider the following A and B.

2 = - —5 -1 - =
A=y 4 - B5— -4 _
4 1 2 - - - - 2

1 2 3 4

: 2 3 4 1

(A) can be converted to a Latin Square 83 4 1 -

41 2 3

But (B) cannot be converted to a Latin square.

1.1.6 Transversals

A transversal to a Latin square of order n is a set of n cells which has the property that one cell lies in each
column, one in each row, and one contains each entry. A Latin square has an orthogonal mate if and only if it
contains n disjoint transversals that partition the n? cells of the squares [13].

1.2CyclicShiftingMethod

Write the symbols in the top row in any order. In the second row, shift all the symbols to the left one place,
moving the first symbol to the last. Continue like this, shifting each row one place to left of the previous row
[14].

The following is a matrix obtained from cyclic shifting method.

1. LITERATUREREVIEW

In the past decades, many researchers have developed theories, algorithms to construct some properties
of Latin squares, solutions procedures for varies types of Latin squares.Jayathilakeetalintroduced an algorithm to
construct super-symmetric Latin squares of order 2". Itexplains a set of significant steps that works as a
recursive algorithm and the construction of those steps together in to one composite algorithm which ultimately
provide the capacity of general super-symmetric Latin squares of order 2". The method she used to propose an
algorithm is first she constructed the first row of the Latin square by placing the integers in increasing order.
Then she separated pairs and interchanges the elements in the pairs in second row. After that she separated rows
into 4(2%) blocks and interchange these blocks and continued this process separating rows into 8(2%), 16(2%) ...
until she had a Latin square corresponding to the order.

Kartika etal proposed a new algorithm to construct super-symmetric Latin squares of order 2n. In this
method he obtained 2 Latin squares of order n by cyclic shifting opposite directions called as blocks and placed
them in first row. Then interchange those blocks in order to obtain second row.

Allan B Cruse etal is used to find on embedding incomplete symmetric Latin squares. Cruse described
necessary and sufficient conditions are obtained for the extendibility of t x t symmetric Latin rectangle to an n x
n Symmetric Latin square. Conditions imply that any incomplete n X n symmetric Latin square can be embedded
in a complete symmetric Latin square of order 2n. Also, he discoveredthat any incomplete n x n symmetric
diagonal Latin square can be embedded in a complete symmetric diagonal Latin Square of order 2n+1.

Bailey et al discussed about construction and randomization of quasi-complete Latin square. A general
method for constructing quasi-complete Latin squares based on group is given. This method leads to a relatively
straightforward way of counting the number of in equivalent quasi-complete Latin squares of order 9.
Randomization of such designs is discussed, and an explicit construction for valid randomization sets of
quasi-complete Latin squares whose side is an odd prime power is presented.
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1. METHODOLOGY
The methodology of formulating symmetric Latin square of order g", where q= 2, neZ" which is
explained under this paper affiliates a set of compelling steps that works as a recursive algorithm. This section
explains the construction of those steps together in to one composite algorithm which ultimately provide the
capability of establishing symmetric Latin squares of order q".

3.1 Steps of the Proposed Algorithm
1. When g=2;
e  Whenn=1,
Let B{=1 and B?= 2. Use cyclic shifting method to obtain 2 x 2 symmetric Latin square.
o BUOB_[E 2
27 B2 Bl |2 1
1 1
Tab: 1
e  Whenn=2,
That is the order of Latin square is 2°. Replace the numbers 1, 2 with numbers 3, 4 in BZ.Use cyclic shifting
method to obtain the next symmetric Latin square.

2| [3 4
. B3 B%|_|l2 1] [4_3
B3 T p2 1|~
B; B; 3 4| [1 2
4 3 2 1
Tab: 2

2. When g=3
¢ Whenn=1,

Let Bf=1, B#= 2 and B$=3. Use cyclic shifting method to obtain 3x3 symmetric Latin square.
Bi Bf B} 2 3
B; = |Bf B Bi| 32 3 1
B} B} B} |3 1 2
Tab: 3

e  Whenn=2,

That is the order of Latin square is 3% Replace the numbers 1, 2, 3 with numbers 4, 5, 6 in B3. Replace the
numbers 1, 2, 3 with numbers 7, 8, 9 in B3 .Use cyclic shifting method to obtain the next symmetric Latin
square.

_ W N

B} B B}
BY = |B? B} Bl =
B} B; B}

© @ |[oy ! k] |w N [H]

_WNNN O O[> ot
N = W0 3 O (U1 > O
O\ Ul B[ [W N R |O 0
BN Ul [k W N (N O
U D OV [N = W (0 O

N O o[> o
© N of|ut b o = w
w N R|[o oo s

Tab: 4

IV. RESULTS AND DISCUSSION
It can be seen that if the symmetric Latin square of order 2 is known, then 2" symmetric Latin square can be
constructed using proposed algorithm.
When n=N, The corresponding Latin square will be;

By Bj

1 =
BN+1 - BI%I BI%I

WhereB% consists of 1, 2... 28 andB2 consists of 28 +1, 28D +2_ . 2N
A considerable amount of symmetric Latin squares of order g"were constructed using the proposed algorithm.
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Fig. 01 displays the symmetric Latin square of order 2 which were generated by the computerized version (Java)
of the proposed algorithm.

e Command Prompt - B

NlserssDanush\Desktopsgud>java SymmetricLatinSquare 2 1

SUzerssDanushsDesktopsgud >

Fig.01-computer generated symmetric Latin square of order 2(2%)

Symmetric Latin square can be plotted using the MATLAB plot function which generates a specific pattern.
Fig. 02 shows the plotted graphs of symmetric Latin square of orders 2 (24).

Figure 1 - m} X
File Edit View Inset Tools Desktop Window Help o
DEde | |ARQANODEL-E|0EH| D
0 MNote new toolbar buttons: data brushing & linked plots FA @ Play video x
2
191 B
181 B
1.7} B
16} B
151 B
14} B
131 B
121 B
11F B
1 I | | | I | | | I
1 11 1.2 1.3 14 1.5 1.6 1.7 18 1.9 2

Fig.02-plotted symmetric Latin square of order 2(2%)

Fig. 03 displays the symmetric Latin square of order 4 which were generated by the computerized version(Java)
of the proposed algorithm.

= Command Prompt = B

sUserssDanushsDesktopsgud>java SymmetricLatinSguare 2 2

sUseresDanushsDesktopsgud>

Fig.03-computer generated symmetric Latin square of order 4(2?)
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Fig. 04 shows the plotted graphs of symmetric Latin square of orders 4 (22).

B Figure 1 - O ®
File Edit View Insert Tools Desktop Window Help ~

D5H2 | RO DEL- 2080

4

35

3

25

2

15

1

L L L
1 15 2 25 3 35 4

Fig.04-plotted symmetric Latin square of order 4(2%)

It can be seen that if the symmetric Latin square of order 3 is known, then 3" symmetric Latin square can be
constructed using proposed algorithm.
When n=N, the corresponding Latin square will be;

By B By
By.i =|Bi By By
By By Bj

WhereB:, consists of 1,2,...,3™% B2 consists of 3™ +1,3MY+2 | 2x3™Y and B} consists of 2x3™+1,2x3™
Vi2,...3N

Fig. 05displays the symmetric Latin square of order 3 which were generated by the computerized version (Java)
of the proposed algorithm.

E Command Prompt = B

ssUsepssDanushsDesktopsgud>java SymmetricLatinSquare 3 1

wUserssDanushyDesktopgud >

Fig.05-computer generated symmetric Latin square of order 3(3°)

Fig. 06 shows the plotted graphs of symmetric Latin square of orders 3 (3%) using MATLAB plot function.

Figure 1 — m] *
File Edit View Insert Tools Desktop Window Help -
DSHe | K RRNVEMK- 2 0E D

@ Note new toolbar buttons: data brushing & linked plots 5% =1, Play video x

3

281

261

241

22

2

181

16F

14r

12F

1

L L L L L L L L
1 12 14 16 18 2 22 24 26 28 3

Fig.06-plotted symmetric Latin square of order 3(3")
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Fig. 07 displays the symmetric Latin square of order 9 which were generated by the computerized version (Java)
of the proposed algorithm.

= Command Prompt = =

sxUserssDanush~Desktophgud>java SymmetricLatinSguare

4
5
[
2z
-
7
1
2
3

Y m oAU R WN
I I I N
H ot Ny % & a o
N OR WS e opm
T S Y R VROV B g
AT R W N R
W oh DN K W®B W

s~UserssDanush~Desktop~gud>

Fig.07-computer generated symmetric Latin square of order 9(3)

Fig. 08 shows the plotted graphs of symmetric Latin square of orders 9 (3%) using MATLAB plot function.

Figure 1 — O X
File Edit View Inseit Tools Desktop Window Help k]
Ddde | | ROV EL- 2|0 |03

0 Mote new toolbar buttons: data brushing & linked plots ﬂ @ Play video x

9

8

7

G_
5//\

1 X A
1 2 3 4 b 6 7 8 9

Fig.08-plotted symmetric Latin square of order 9(3%)

Considering g=4, the resulting symmetric Latin Square of order 4 and 16 were generated utilizing the proposed
algorithm. Since the obtained Latin squares have its first row and first column in the natural order, those are
reduced Latin squares.

Fig.09 displays the symmetric Latin square of order 4 which were generated by the computerized version (Java)
of the proposed algorithm.

o) Command Prompt = B

sUserssDanushsDesktopsgud?java SymmetricLatinSguare 4 1

sUserssDanushwDesktopsgud>

Fig.09-computer generated symmetric Latin square of order 4(4%)
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Fig.10 shows the plotted graph of symmetric Latin square of order 4(4") using MATLAB plot function.
O

Figure 1 - x
File Edit View Insert Tools Deskiop Window Help ~
DEEHdS | M AKRUDEA- |G 08 O
@ Note new toolbar buttons: data brushing & linked plots 4% [z Play video x
4
350
3}
25
2
150
1 . \ .
1 15 2 25 3 35 4

Fig.10-plotted symmetric Latin square of order 4(4")

Fig.11 displays the symmetric Latin square of order 16 which were generated by the computerized version
(Java) of the proposed algorithm.

= Comman d Prompt - oliEl

Fig.11-computer generated symmetric Latin square of order 16(4%)

Fig.12 shows the plotted graph of symmetric Latin square of order 16(42) using MATLAB plot function.

Figure 1 - m] x
File Edit View Insert Tools Desktop Window Help w
Uddse RSO EL- |08 O
@ Mote new toolbar buttons: data brushing & linked plats 4% (=%  Play videa x
16
14r
12¢
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4
/
2L
0 .
0 2 4 6 8 10 12 14 16

Fig.12-plotted symmetric Latin square of order 16(4°)

Considering g=5, the resulting symmetric Latin Square of order 5, 25, 125... can be generated utilizing the
proposed algorithm. Since the obtained Latin squares have its first row and first column in the natural order,
those are reduced Latin squares.
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Fig.13 displays the symmetric Latin square of order 5 which were generated by the computerized version (Java)
of the proposed algorithm.

| Command Prompt = = 4

swUserssDanushwDesktop~gud>java SymmetricLatinSguare 5 1

swUsers~Danush~Desktop~gud>

Fig.13-computer generated symmetric Latin square of order 5(5%)

Fig.14 shows the plotted graph of symmetric Latin square of order 5(5%) using MATLAB plot function.

Figure 1 —
File Edit View Insert Tools Desktop Window Help ~
Dode k(A 0DEL- (2 0E m
@ Note new toolbar buttons: data brushing & linked plots g% [=%, Play videa x
5
45- B
r
350 4
3
251 B
2
15 B
1 . , \ \
1 15 2 25 3 35 4 45 5

Fig.14-plotted symmetric Latin square of order 5(5%)

Therefore, the similar method can be used to obtain the symmetric Latin squares of orderq™ forq =
2andn>1

V. CONCLUSION
A mathematical method for generating symmetric Latin squares was introduced. Test cases provided
that the proposed algorithm can be generalized. When the order was small, construction can be established
manually, and the algorithm has been automated using simple steps. Further, this method can be extended to
construct the super- symmetric Latin square of order 29" where q, n > 1.
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