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Abstract. This paper mainly concerned with existence of solution of fractional delay integrodifferential
equation in Banach space. The results are obtained by the fixed point theorem.

1. INTRODUCTION

Fractional calculus deals with generalization of integrals and derivatives
of noninteger order. Fractional calculus involves a wide area of applications
by bringing into a broader paradigm conceps of physics, mathematics and
engineering [12, 14]. In [3, 13| the authors have provided the existence of
solutions of abstract fractional differential equations by using fixed point
techniques. Several authors have been discussed different types of nonlinear
fractional differential and integrodifferential equations in Banach spaces.

The theory of impulsive differential equations has undergone rapid devel-
opments over the vears and played a very important role in modern applied
mathematical modeling of real processes arising in phenomena studied in
physics, population dynamics, chemical technology and economics. In [2, 8]
Benchohra et al. established suflicient conditions for the existence of solu-
tions for a class of initial value problems for impulsive fractional differential
equations involving the Caputo fractional derivative of order 0 < ¢ < 1 and
1 <qg<2.

Anguraj and Karthikeyan [4] proved existence for impulsive neutral inte-
grodifferential inclusions with nonlocal initial conditions via fractional op-
erators. Benchohra and Seba [7] studied the existence of nonlocal Cauchy
problem for semilinear fractional evolution equations.Balchandran and Tru-
jjilo [5] investigated the nonlocal Cauchy problem for nonlinear fractional

integrodifferential equations in Banach spaces.
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In the paper we consider the fractional impulsive delay integrodifferential
equation of the form
(1.1)
‘Di(z(t)) = A(t,z)z(t) + f(t, xt,fot h(t,s,zs)ds), teJ=[0,T], t#t
Az|i=, = Li(z(ty)), t=tr, k=1,2,..,n
x(0) = xg
where 0 < ¢ < 1 and the state z(.) belongs to Banach space X endowed
with the ||.||, A(¢,z) is a bounded linear operator on a Banach space X. D}
is the Caputo fractional derivative. f is a continuous function. [, : X — X,
Az(ty) = z(t])—=z(ty ) with z(t] ) = limp_o+ z(t+h), z(t; ) = limp_o- (tp+
h), k=1,2,3,.m,0 =t <t1 <ta < ... <tp <tpt1=T.
The rest of this paper is organized as follows. In section 2, some prelimi-
naries are presented. In section 3, we study the existence and uniqueness of
solutions for the impulsive fractional system (1.1). In section 4, an example

is given.

2. PRELIMINARIES

In this section we introduce some basic definitions, notations, lemmas

and mathematical preliminaries which are used throughout this paper.

Definition 2.1. The Riemann-Liouville fractional integrable operator of

order ¢ > 0 of function f € L'(R") is defined as
1

B0 = i [ s(9ds, 150

where I'(.) is the Euler gamma function and L? is Banach space of Lebesgue

measurable functions with ||l||zc > oc.
Next we introduce the Caputo fractional derivative.

Definition 2.2. The Caputo fractional derivative of order ¢ > 0, n — 1 <

g < n, is defined as
t
DY f(t) = — 1 / (t — 5)m=0=D [ (5)ds. 1> 0
I'(n—q) Jo

where the function f(¢) has absolutely continuous derivative up to order
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(n—1).

If 0 <q<1, then

1 ‘ _
Dg, f(t) = ml (t = )"0 O (s)ds
where fW(s)ds = Df(s) = L= and f is an abstract function with values

ds
in X.
FRACTIONAL CALCULUS 3

Lemma 2.3. For ¢ > 0 the solution of fractional differential equation
¢Diz(t) = 0 is given by

:C(t) =cyp+ct + (:th 4+t Cn—lfn_l.

where c; € R,i=0,1,2,......n—1, (n = [q]+1) where [q] denotes the integer
part of ¢ > 0.

Lemma 2.4. A function x : (—oo,T] — X is said to be a solution of
system (1.1) if x(0) = =g, the impulsive condition Ax|,—, = I(z(t,)),
k = 1,2,3,...n is verified the restriction of x(.), to the interval Jp(k =
0,1,2,...n) is continuous and following integral equation holds for t € J.
(See [1], Lemma 4.2)

(2.1)

’xo+ﬁ Z f”*_ (te — )" A(s, )z (s)ds + g [, (= )77 A(s, )(s)ds
z(t) = Z j;t:l )17 f(s, g, [y h(s. T, 2, )dT)ds

—1—@ ftk t— $) (s, e, [y h(s, 7,2, d’r)ds—l—M%;q Ii(z(t))).

3. MAIN RESULT

We assume following conditions to prove existence of the solution of
equation (1.1).

(H1) A:Jx X — B(X) is a continuous bounded linear operator and there

exists a constant M > 0, such that the function satisfies the Lipschitz

condition

|A(t,z) = A(t,y)l|Bx) < M

(H2) f:Jx X x X — X is continuous and there exists a constant L > 0,
such that

|z —y||, forall z.yelX.
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I (tusz) — F(to.9)]| < Lllu—vl| + = —yll, forall =,y u.ve X.

(H3) h: A x X — X is continuous and there exists a constant L; > 0, such
that

Ih(t, 5,2) — Bt 5, )| < Lalle —yll, forall z,y € X.
(H4) The functions I : X — X are continuous and there exists a constant
Lo > 0, such that
[ Ii(x) — Ix(y)|| < Lo||lzr —yl||, foreach z,ye X and k=1,2,..m

Let B, = {u € X : ||u|| < r} for some r > 0. For bravity let us
take v = % and K = sup,, [[A(Z,0)]|, N = max., [|f(£,0,0)],
Ny = max( gea ||h(t, 5, 0)|.
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From (H1) we observe that for any = € B,,
A, z)[| < [[A(E, ) — A 0)|| + [|AE 0)|| < M|lu|l + [[AF,0)|]| < Mr + K

Further we assume that
(H5) ||zol| + v(m + 1)((M, + K)r + My) + mLsr < r where Mg = Lr +
LI Tr + LN/T + N.
(H6) Let p = ~(m+1)[(2Mr+ K+ L+ LIL{T)+mlLs] be such that 0 < p < 1.

Theorem 3.1. If the hypothesis (H1)-(H6) are satisfied, then fractional

delay integrodifferential equation (1.1) has a unique solution in J.

Proof. Let Q = PC(J : B,.) as in [6]. Define the mapping ® : Q — Q by

(3.1)

bu(t) =xg —|— Z (tk — )T A(s, z)z(s)ds + %/ (t — )1 A(s, z)z(s)ds

0<£ <t th—1 r( ) t

Z (tk — 5)17 (s, xg,fg h(s, 7,2, )dT)ds

D<t <tV -1

1 N : )
+Wftk(tk_5) lf(saiﬂs,/{; h(s, T, x;)d7)ds + Z I (z(ty;).

O<tp<t

and we have to show that ® has a fixed point. This fixed point is then

a solution of equation (1.1). We know from [6] that ®B, C B,. From the
assumptions we have
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1 1
[P (t)]| <H”E0||+— Y. f (t — s)* | A(s, @) || || (s |d5+mf (t = 8)" Y| A(s, )| [|2(s)||ds
D<tk<t k-1 a) Ji,
1 [ 1 ¢
(te — )7 || (5,24, / h(s,T,z,)dr)|ds
F(q [}<tzk<t f_1 0

: E*Sq_l 5T S s, T,z )dT)||ds x(t; r
g L [ il Y ) <

O<tp<t

Thus ® maps B, into itself. Now for z, 2" € (), we have

FRACTIONAL CALCULUS 5
|Pax(t) — da'(1)] <r7 3 / b — )L A(s, 2)(s) — A(s, a')a (s) | ds
0<t <t -1

L _ )t s,x)x(s s.2)x'(s)]|ds
+F(q)/(t VU A(s, 2)x(s) — A(s, 2')e'(s)||d

Z f (tr — 8)7 Y| f (s, zo. j:h(s,'r,:cr)d.'r) - f(s,x;,ﬁs h(s, 7,2 )dr)|ds

D<Ek<t Te—1

1 o s e ,
+W/¢k(t_5) I (s, "cg,/o' h(S,T,;I?T)(I‘-T)—f(S,CCS,/O h(s, 7,z )dr)|ds

+ > () = (@' (1)

O<tp<t

< [y(m+ 1)(2Mr + K + L+ LL,T) + mLo]||z(t) — 2'(t)|
< plle —2.
Since 0 < p < 1, then ® is a contraction mapping and therefore there exists

a unique fixed point z € Q such that ®2(t) = z(¢). Any fixed point of P is
the solution of (1.1). [

4. EXAMPLE

Consider the following fractional delay integrodifferential equation with

impulsive condition of the form

(4.1)

1 z(sint) 1

t
- —l.r(s'ms)d te ] ot 1
(:r—|—3)21—|—:c(5111t)+9£e ' % rES %2’

‘Diz(t) = 214(1 + sinz(t))z(t) +

(4.2)

Arl_: = |2(3 )|_
T3 e(z)l

(4.3)

z(0) = zg

where 0 < ¢ <1, take J=1[0,1], T =1
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Let

A(t,x) = i(l + sina(t)),

T T
let H(x,) = / h(t,s, x.)ds = / e a=(sing g4
) Jo

1 x(sin t)
(f +3)21 + x(sint)

F(t,xz, H(x)) = + H(xy), < .J, x e X.

[ R. P. PATHAK AND PIYUSHA S. SOMVANSHI

Let u,v € X and ¢t € J. Then we have

t ) t ‘ 1 1
G-t = | [ et [Tt < Jatsing v ol < fllel
0 J0 - ;

17t 21Ge) = £ 0 = | g (T oy — Ty ) + 50 = 110u)|
1 z(sint)  y(sint) 1 2} —
= H (t+3)2 (1 +a(sint) 1 +y(sint)) H * HQ(H(' o) H(yt))H
< gl — vl + 1H @) = Holl < gle =l + | Hw) = Hl.

Hence the condition (H1)-(H3) hold with M = 3;, L = &, L1 = . Here
K= i Let z,y € X, we have by (H4)

1 (x) — L (o)l =

€T .

vy H _ 3lle—yl
34+x 3+y B+2)3+y)
Note that Ly = % Choose r = 1, m = 1. We shall check the condition
y(rre + 1L)(2N 7 + W + L + LT T) +9nls << 1

It satisfies indeed

(4.4) ~(rre + ) (2Mr + K + L + LI\ T) + milo <= 1 = I'(g + 1) => %_
which is satisfied for some g = (0, 1]. Further (H5) is satisfied by a suitable
choice of xg. Then by theorem 3.1 the problem (4.1)-(41.3) has a unique

solution on [0.1] for the wvalues of g satisfying (<.4).
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