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l. INTRODUCTION

Azam et al. [2] introduced the concept of complex valued metric spaces and obtained sufficient
conditions for the existence of common fixed points of a pair of contractive type mappings involving rational
expressions. Subsequently many authors have studied the existence and uniqueness of the fixed points and
common fixed points of self mapping in view of contrasting contractive conditions. Aamri and Moutawakil [1]
introduced the notion of (E.A.) - property. Sintunavrat and P. Kumam [8] introduced the notion of (CLR) -
property. Then many authors proved several fixed point theorems using the concept of weakly compatible maps
with (E.A.) and (CLR)-property. The main purpose of this paper is to present fixed point results for two pair of
weakly compatible mappings satisfying a generalize contractive condition by using the concept of (E.A.) and
(CLR)-property in complex valued metric space. The proved results generalize and extend some of the existing
results in the literature.

1. PRELIMINARIES
Let € be the set of complex numbers and let z; , z, € £. Define a partial order = on £ as follows:

2:<z, if and only if Re(z;)<Re(z,), Im(z1)<Im(z,). It follows that z;<z, if one of the following conditions is
satisfied:

[1] Re(z1 )=Re(z2), Im(z1)<Im(z2),

[2] Re(z1)<Re(zz), 1m(z1)=Im(z2),

[3] Re(z1)<Re(zz), Im(z1)<Im(zy),

[4] Re(z1)=Re(z), 1m(z1)=Im(z2).

In particular, we will write z; = =z if one of (i), (ii) and (iii) is satisfied and we will write z; < z; if only (iii) is
satisfied.
Definition2.1. Let X be a non-empty set. Suppose that the mapping €: X = X — { satisfies:
[1] 0= d(x.y)forall x.y € X and d(x,v) = 0 if and only if x = y;
[2] dlx.v} = dly.x) forall x.y € X;
[3] dlx.v) = dlx,z) +d(z,v) forall x,y.z € X,
Then d is called a complex valued metric on X and {.X. €} is called a complex valued metric space.
A point x € X is called an interior point of a set 4 £ X whenever there exists 0 = r e C such that
Blx,v) ={ye X:dlx.y) = r} € A A subset A4 in X is called open whenever each point of A is an interior
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point of A. The family F = {B(x,r):x € X,0 < =} is a sub-basis for a Hausdorff topology = on X. A point
x € X is called a limit point of A whenever for every 0 < r € €, Blx,v) n (A\X) = ¢.

A subset B € X is called closed whenever each limit point of E belongs to E.

Let {x,} be a sequence in X andx € X. If for every ¢ € C, with 0 < ¢ there is ny € N such that for all n = ny,
d(xnx) < c, then x is called the limit point of {x,,} and we write lim;, . x, = x orx,, = x asn — =,

If for every ¢ € C. with 0 < ¢ there is ny € N such that for all n = ng, d(x.%,.m) < ¢, then Lx, ] is called a
Cauchy sequence in (X, g is called a complete complex valued metric space.

Lemma2.2. Let (X.d) be a complex valued metric space and {x,] is a sequence in X. Then {x,} converges to
xifandonlyif ld{x,.2)] = 0 asn — =,

Lemma2.3. Let (X.d) be a complex valued metric space and {x,} is a sequence in X. Then {x,} is a Cauchy
sequence if and only if ld(x . xpom)l = 0 asn — =,

Definition2.4. Let f and g be self-maps on a set X, if w = fx = gxfor some x in X, then xis called
coincidence point of f and g, w is called a point of coincidence of f and g.w is called a point of coincidence of

fandg.

Definition2.5. Let f and g be two self-maps defined on a set X, then f and g are said to be weakly compatible if
they commute at coincidence points.

Definition 2.6. Let f and g be two self-mappings of a complex valued metric space (X.d’). We say that f and g
satisfy the (E.A)-property if there exist a sequence {x,} in X such that

lim, o fx, =lim, .. gx, = t.for somet € X,

Definition 2.7. Let f and g be two self-mappings of a complex valued metric space (X, 7. We say that f and g
satisfy the {CLR‘,-} property if there exist a sequence {x ] in X such thatlim,,_.. fx, = lim,_. gx, = fx.

1. MAIN RESULTS
Theorem: 3.1 Let (X, &) be a Complex valued metric space and A, B, 5. T: X — X four self-mappings satisfying
the following conditions:

(i) AXycT), BX) c5(x);

(ii) forallx.y £ X,

d Ty 5y d(Ax.Ty)+ d[5xAx7] o dlax.Ty)d 525y (82 A2 +d(Ty.51)]
[1+d(sxTyl+d(axTy] z [1+d (52 Tyl +diax. Tyl

d{Ax,By) = a,

+az[d{Ax, Ty) + d(5x. By)] + a,[d(5x. Ax) +d(Ty.By)] + a;d(5x.Ty) (3.1}

where 2a; + a4 + a5 < landay. a5, a5.84.a5 = 0,

(iii)  the pairs (4.5) and (B. TJare weakly compatible;

(iv)  One of the pairs (4. 5) or (B. TJsatisfy (E.A.)-property.
I the range of one of the mapping SCX7) or h(X) is closed subspace of X, then the mappings A.B.S and
T have a unique common fixed point in X.

Proof: First suppose that the pair (B, T) satisfies (E.A.) property then there exists a sequence {x,} in X, such
that

limEBx, = limTx, =t , forsomet € X.
= =

Further, since B(X) € 5(X), there exists a sequence {y,} in X, such that Bx,, = S¥,. Hence lim,_. Sy, = &.
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Now, we claim that lim,, . Aw, = . Let lim, Ay, =t; = ¢ then putiing x = v,.» = x, in (3.1), and we
have
AT xn Bag Md Ay, Trg) + 215y Ay,)]

[ +d Sy Tagd+d Ay, Ta 1]

dlAy,.Bx,) = a;

AU AY 1 T a1 [ 8V B 1 (A8 Yo Ay ) + [ T2 B 23]
[1+d {8y Tl +d [Ayp Txg)]

+a;

+ayld(Ay,, Tx,) + d(Sy,. Bx )l + a,[d(Sy,, Ay, ) + d(Txp, Bx )]

+a;d(5y,. Tx,)
Letting n — ==, we have
dleedldle, ) +dlee, ] dley drenldee )+ dietyl
d{flgﬂiﬂl 1 1 , 1 LE-L) 1+ Ol
[1+dlee)+d ey, 80 [1+d (22)+dlty 80

tagldlt. ) + d )] + a,[dt £,) + dlt. )] + agdlt, )
=[1—-{a; +a,)]dltt,) =0
as @y +ay <1
= |d (¢t ¢,)] = 0. Hence ¢, = ¢ and that is, limAy, = limBx, = ¢.

Now suppose that 5(X7) is a closed subspace of X, then £ = 5u for some u € X, subsequently we have
}Eﬂﬂyn = }!ﬂan = }_.ﬂrxﬂ = }!ﬂj’yn =t = 5u.
We claim that Au = 5u. For this put x = u, ¥ = x,, in (3.1), and we have

4 (Txg Bxy Md(Au, Txy ) +d (SuAn)] A (A T ) [ 5w By Y [d (SreAr) +d(Txg 5211
[t +d (5o Ta 1+ d (An Tx )] z [1+d (50T, I+ diAwTxg)]

d{Au,Bx,) =a,

+ag[d(Au, Tx,) + d(Su, Bx )] + a[d(Su, Auw) + d(Txp, Bxp )l + agd(Su, Tx )
Lettingn — ==, we have

gt ldlan )+ d0eau] dlawdd reeyldle A +diee]
d(Au. t) < a, s o

- a -
[1+d{t6) +dlAwe)] z [ +ditO +didu, bl

+ay[dCdu. t) + dlt, £)] + a,[d(t, Au) + d(t. £)] + asd (t. £)
=[1-(a;+a,)]dldu.t) =0
as g +ay <1
= |d(4u. t}] = 0, which is a contradiction. Hence u is a coincidence point of (4. 5).
Now the weak compatibility of pair (4.5} implies that A5u = 5Au or At = 5t.
On the other hand, Since 4 (X} € T(X]}, there exists v in X such that Au = Tv.
Thus, Au = Su = Twv = t. Now, we show that v is a coincidence point of (B, TJ); that is Bv = Tv = &.

Put x = u, ¥ = = in (3.1), and we have
d s ld (AwTe) + 45w Au] d (AuTrld (s Br) [d (Sudw) +d(Te.5v)]
d{Au, Br) < a, - &y -
[1+d (STl +diAw. Tl [1+d (5Tl +di ATl

+a;[d{Au, Tv) + d(Su. Bv)] + a,[d(Su, Auw) + d(Tv, Bv)] + azd (5u, Tv)

ditdeld e+ dre.ty] dlteddrt s ld (.00 +dit Bl

JBv) < o : o -
or dt,Bv) = a, [1+dlt+drt.t] z [1+d(t6) +dite]

+a;ldlt. £) + dt. Bv)] + o, [d(t. £) + d(t. Bv)] + a5 d(t. t)

=[1-{a; +a,)]dlt.Bv) =0,
as az +ay =1

= |d( t. Bv)| < 0. which is a contradiction. Thus Bv = t.
Hence, Bv = Tw = £, and v is the coincidence point of E and T. Further, the weak compatibility of pair (E.T)
implies that ETv = TEw, or Bt = Tt. Therefore, £ is a common coincidence point of 4. B, 5 and T.
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Now, we show that t is a common fixed point. Put x = u, ¥ = £ in (3.1), and we have
direanldlan o)+ diswaw] dlanTedd (susnld (Suad+diTeEe]
— - ( ] ( 3 ( ] ( J

d(t.Be) =d(4u.BE) < o [1+d(5uTe) +dranTel Gz [1+d{5uTe)+dran.Te]

+agld(Au, Tt) + d(Su, B)] + a, [d(5u, Aw) + d(Tt, Bt)] + a; d(5u, TH)

=(1-2a; +a)dlt.Bt) =0,

as 2ay + o =1

= |d( t, Bt)| = 0, which is a contradiction. Thus Bt = &.

Hence, At = Bt = 5t =Tt = ¢.

Similar arguments arises if we assume that T(X is closed subspace of X. Similarly, the (E.A.)- property of the
pair (A, 57} will give a similar result.

For uniqueness of the common fixed point, let us assume that w is another common fixed point of A, E,5 and T.

Therefore 4w = Bw = 5w = Tw = w., Then, Putx = wand v = t in (3.1), and we have
4 (Tt.5t) [dAw. Ted+disw Al dlaw Teddisw seyldsw Aaw) +d(Te5t)]
; — i - ( i (Sw.Aw] ( ] 4 ]
dlw,t) = dlAw,Be) < o [1+d (5w, ) +diaw,Tt] Gz [1+2(5w, 70 +dAwTe)]

+azld{Aw, Tt) + d(Sw, Bt)] + a, [d(Sw, Aw) + d(Tt, Bt)] + a;d(Sw.Tt)

ity d hw.e) + diw ] a Alw.eddpw.e[d ) + 418891
[1 +dw 2]+ dfw.l] z [1+d e t)+diw ]

or diw.t) < a,

+azldlw, t) + d(w, )] + a, [dlw. w) + d(t. £)] + asdlw, t)

=(1-2a; +a;)dw.t) =0
as 2ay + o =1
= |d{w,t}| = 0, which is a contradiction. Thus, w = t. Hence At = Bt = 5t = Tt = ¢,
and £ is the unique common fixed point of 4. E.5and T".
Corollary: 3.2 Let (X.d7) be a Complex valued metric space and A, T:X — X self-mappings satisfying the
following conditions:

(i) A eTx);

(ii) forallx.y X,

4Ty Ay [dlAxTy) + dTxAx] o dlAxTyIdTr Ay [E(Tx A2 + d (Ty.Ay7]
[L+d(TxTyl+didxTy] z [1+2(TxTy)+didx,Ty]

didx, Ay) = a,

+az[dlAx, Ty) +d(Sx. By)]l + a,[d(5x. Ax) + d(Ty. By)] + a:d(5x. Ty}, (3.2)
where 2a; + a4 + 85 < 1 and ay. 85, 61, 84,85 = 0;

(iii) the pairs (4. T is weakly compatible;
(iv) the pair (A, T) satisfies (E.A.)-property.
If the range of the mapping T(X) is a closed subspace of X.Then the mappings A and T have a unique
common fixed point in X.
Theorem: 3.3 Let (X.d} be a Complex valued metric space and A.E.5T:X —= X four self-mappings
satisfying the following conditions:

(i) Agx)yeTl) BX) c5(x),

(ii) forallx.y € X,

4Ty By ld(Ax.Ty) +d[5x4x7] o dlax Ty)d(5x By [d(8x A2 + d(Ty.5)]
[1+d(sxTyl+d(axTy] z [1+d (52 Tyl +didz.T]

d{dx,By) = a,
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+az[d(Ax, Ty) +d(Sx, By)] + a,[d(Sx, Ax) + d(Ty. By)] + asd(5x. Ty) (3.3)
where 2a; + o, + o: = 1 anday. a;, a5, 04,85 = 0;

(iii) the pairs (4. 5) and (B, TJare weakly compatible.
If the pair (4.5) satisfies (CLR,} property or (B. T satisfies (CLE; ) property, then the mappings
A,B,5 and T have a unique common fixed point in X.
Proof: First, we suppose that the pair (B.T) satisfies (CLRz property then there exists a sequence {x,}inX
such that

limEBx, = limTx, = Ex, for some x € X.
-3 =

Further, since B{X) € 5{¥} we have Ex = Su, for some u € X.
we claim that Au = 5u =t (say). put x = u, ¥ = x, in (3.3), and we have
dCAu, B‘xﬂ] < a, d (T Brg 3 [d0An, T2 )+ d(SuAu)] d (Aw Ta d (5w B2, 1[4 (SrA) +4(Txg 5]

"

[1 +d(SeTa J+d A Txg 3] = [1+d (50 Txy I+ diAwTxg)]

tazldAu, Tx,) + d(Su. Bx )] + ay[d(Su, Auw) + d(Txp Bx )] + a5 d(5u, Tx )
Letting n — == we have,
[ (A 3] [suAuil [Ar A df (F1,41) I ]
d{ﬂu, B‘:r:] < a, d (BxExyld (Au5x) +dSudu) d (w52 d(5x Exld(Su Aw) + d(Fx.5x)

7

[1+d (5w 52 +d{Au Fx3] ‘ [1 +d (505 +d(Au 5x)]

tazld{Au, Bx) + d(5u. Bx)] + a,[d(5u, 4u) + d(Bx, Bx)] + a;d(Su, Bx)
=[1—-{(a; +a,)] dldu, 5ul =0,
as a; +ay <1
= |d ( Au,Bx)| = 0. which is a contradiction. Thus, Au = Su.
Hence, Au = Su = EBx =t
Now the weak compatibility of pair (4.5} implies that A5u = 5Au or At = 5t.
Further, since A(X) £ T{X), there exist v in X such that Au = Tw. Thus, 4u = Su = Tv = £. Now, we show

that  is a coincidence point of (B, T) that is, Bv = Tv = t. Put x = u,y = v in (3.3) and we have
(To5vld (AwTv) +d(sudu)] (AwTr)d (5 5wy d (Sudw) +d (To.5v)]
dCAu, Bv) < a d (Te5r) [d (AwTe) +dSwdu) d (Aw T d (Swbr) [d (SwdAw) +d (Te sy

.

[1+d (5w Tl +didw. Tl ‘ [1+d (5Tl +di ATl

+azldAu, Tv) + d(5u, Bv)] + ay [d(5u, Au) + d(Tv. Bv)] + asd(5u, Tv)
drtsmd e+ dietyl dlteddit mld (ee)+die Byl
or dt.Bv) £ a;

7

- . a - -
[1+dlee)+dietyl ‘ [1+dlee) +dieeyl

+azldlt. t) + d(t. Bv)] + a,ld(t. t) + d(t. Bv)] + a;d(t. t)
=[1-{a; +a,)1dlt.Bv) =0,
as a; +ay <1
= |d (. Bv)l = 0. which is a contradiction. Thus Bv = t.
Hence, B+ = Twv = ¢ and v is coincidence point of E and T. Further, the weak compatibility of pair (E.T)
implies that ETw = TE, or Bt = Tt Therefore, £ is a common coincidence point of A, 5.5 and T

Now, we show that t is a common fixed point. Put x = uz and ¥ = £ in (3.3), and we have
d Tt ld A, Te) + diswAu] dlanTeld (sustyld (swaw) +d(Tt 53]
d{t_.gt:] =d{ﬂﬂ,gt:| 5 ﬂj_ (TLOT) L, +E[SLAL] L, (SLET) LA +&[TLAT)

7

[1+d (50 Te)+diawnTe]] ‘ [1+d{suTel+didn, Tl

+agld(Au, Tt) + d(Su, B)] + a, [d(5u, Aw) + d(Tt, Bt)] + a; d(5u, TH)

=(1-2a; +a)dlt.Bt) =0,
as oy +ag <1
= |d (¢, Bt)l = 0. which is a contradiction. Thus Bt = &.
Therefore At = Bt = 5t = T't = £. The uniqueness of the common fixed point follows easily.
In a similar way, the argument that the pair (A.5) satisfies property (CLR, ) will also give the unique common
fixed point of A, B, 5 and T. Hence the result follows.
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