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Abstract: -  We introduce a Generalised Gaussian quadrature method for evaluation of the double integral      

I=  f x, y dy dx ,
T

 where f x, y  is arbitrary function and T refers to the triangle region   x, y  ∕  0 ≤ x ≤ a,

  0≤y≤a−x  , are derived using transformation of variables. new sampling points and its weight coefficients are 

calculated. We have then demonstrated the application of the derived quadrature rules by considering the 

evaluation of some typical integrals over the triangle region with various values of a.   

 

Keywords: - Finite element method, Generalised Gaussian quadrature , triangle region, extended  numerical 

integration 

 

I. INTRODUCTION 
    The finite element method has become a powerful tool for the numerical solution of a wide range of 

engineering problem. In FEM various integrals are to be determined numerically in the evaluation of  mass of a 
shell, center of mass and moments of inertia of a shell, fluid flow and mass flow across a surface, electric charge 

distributed over a surface, plate bending, plane strain, heat conduction over a plate, and similar problems in 

other areas of engineering which are very  difficult to analyse using analytical techniques, These  problems can 

be solved using the finite element method.  The integrals in practical situations are not always simple but 

Gaussian quadrature that will evaluate these integrals exactly, the integration points have to be increased in 

order to improve the integration accuracy 

        From the literature review we may realize that several works in numerical integration using Gaussian 

quadrature over triangle region and have been carried out [1-10], and Generalized Gaussian Quadrature rules for 

system of  arbitrary functions [12-13] 

The method proposed here is termed as Generalized Gaussian rules, since the Generalized Gaussian quadrature 

nodes and weights for products of polynomial and logarithmic function given in [12] by Ma et al. are used in 
this paper  

     The paper is organized as follows. In Section III we will introduce the Generalized Gaussian 

quadrature formula over a triangle region of various values  a.  and In Section IV  we compare the numerical 

results with some illustrative examples. 

 

II. GENERALISED  GAUSSIAN  QUADRATURE OVER A TRIANGLE REGION 
Generalized Gaussian quadrature rule for integrating function bounded by the triangle region  

T =   𝑥, 𝑦  ⁄  0 ≤  𝑥 ≤  𝑎 , 0 ≤ 𝑦 ≤   𝑎 − 𝑥    , with  a=0.5, 1 ,2, 3 in the region T1 , T2, T3 and T4 respectively 

 

III. FORMULATION OF INTEGRALS OVER A TRIANGLE REGION 
The Numerical integration of an arbitrary function f over the triangle region is given by              

                I =  f x, y dx dy =
T

  𝑓 𝑥, 𝑦 𝑑𝑦
𝑎−𝑥

0
𝑑𝑥 =

𝑎

0
  𝑓 𝑥, 𝑦 𝑑𝑥

𝑎−𝑦

0
𝑑𝑦

𝑎

0
                                               (1)     

The double integral over the triangle surface of equation(1) can be transformed to the standard square                        

{( 𝜉 , 𝜂 ) /  0 ≤  𝜉 ≤ 1 , 0 ≤ 𝜂 ≤ 1}  mathematical transformation is  

𝑥 =  𝑎 𝜉   and   𝑦 = 𝑎 𝜂 (1 −  𝜉)                                                                                                                          (2) 

We have  

I =   𝑓 𝑥, 𝑦 𝑑𝑦
𝑎−𝑥

0
𝑑𝑥

𝑎

0
 =   𝑓 𝑥 𝜉 , 𝜂 , 𝑦 𝜉 , 𝜂   𝐽 𝑑𝜉 𝑑𝜂

1

0

1

0
                                                                            (3) 

Where J  𝜉 , 𝜂  is the Jacobians of the transformation  
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 𝐽 𝜉 , 𝜂 =  
𝜕𝑥

𝜕𝜉
𝜕𝑥

𝜕𝜂

    
𝜕𝑦

𝜕𝜉
𝜕𝑦

𝜕𝜂

 = 𝑎2(1 −  𝜉)    

From equation(3) , we can write as 

𝐼 =   𝑓 𝑎 𝜉 , 𝑎 𝜂 (1 −  𝜉)  𝑎2(1 −  𝜉) 𝑑𝜉 𝑑𝜂
1

0

1

0

 

   =   𝑎2(1 −  𝜉)  𝑤𝑖  𝑤𝑗  𝑓(𝑥 𝜉𝑖  , 𝜂𝑗   ,𝑦 𝜉𝑖  , 𝜂𝑗  )𝑛
𝑗=1

𝑛
𝑖=1                                                                                     (4) 

Where  𝜉𝑖 , 𝜂𝑗  are sampling points and corresponding to its weight coefficients  𝑤𝑖 , 𝑤𝑗  . We can rewrite equation 

(4) as 

I =  𝑊𝑘𝑓(𝑥𝑘 ,𝑦𝑘)𝑁=𝑛×𝑛
𝑘                                                                                                                                        (5)              

Where    𝑊𝑘 = 𝑎2 1 −  𝜉    𝑤𝑖  𝑤𝑗                                                                                                                         (5a) 

 𝑥𝑘 =  𝑎 𝜉   and   𝑦𝑘 = 𝑎 𝜂 (1 −  𝜉)  ,                                                                                                                 (5b)                                                                

 if     𝑘, 𝑖, 𝑗 = 1,2,3,− − − − 

 

we find out new sampling points 𝑥𝑘  , 𝑦𝑘 and weights coefficients 𝑊𝑘  of various order  N =5, 10, 15, 20 by using 

equations(5a) and (5b)  

 

 
                                         

                                          Fig. 1  Sampling points  (𝑥𝑘 ,𝑦𝑘) values for the region T1 and T3 

 

 

N=20 N=15 N=10 N=5 

N=20 N=15 N=10 N=5 
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Table 1 sampling points and weights coefficient over the region T for  N = 5 
 

 

IV. NUMERICAL RESULT 
 

                        Exact value Order Computed value 

 

1)  



1

0

1

0

)cos(
2x

y dydxxye  =  0.4284998849 

 

N=5 

N=10 

N=15 

N=20 

0.4284990470 

0.4295549333 

0.4284994331 

0.4284999082 

2)   
1

0

1

0

y

dxdyyx =  0.4000000000 
N=5 

N=10 

N=15 

N=20 

0.4000000821 

0.4010371532 

0.3998678727 

0.3999999865 

3)  


5.0

0

5.0

0
2

44

1

x

dydx
yx

yx
0.001036548993 

N=5 

N=10 

N=15 

N=20 

0.0010367635 

0.0010539658 

0.0010365468 

0.0010365492 

4)  


5.0

0

5.0

0 1

1x

dydx
yx

  =   0.1548220315 

 

N=5 

N=10 

N=15 

N=20 

0.1548220216 

0.1550437840 

0.1548156532 

0.1548220361 

5)  


2

0

2

0
22)1(

1x

dydx
yx

=  1.120666914 
N=5 

N=10 

N=15 

N=20 

1.1206837170 

1.1144932656 

1.1212498595 

1.1206668174 

6)  


 2

0

2

0 1

y x

dxdy
xy

e
= 1.014219466 

N=5 

N=10 

N=15 

N=20 

1.0142448777 

1.0134605001 

1.0149180621 

1.0142193709 
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7)  


3

0

3

0

22

1

x

dydx
yx

yx
= 7.390476190 

N=5 

N=10 

N=15 

N=20 

7.3904818590 

7.4061649340 

7.3895392081 

7.3904788091 

 

8)   
3

0

3

0

)1sin(
x

dydxyx = 0.362657383 

N=5 

N=10 

N=15 

N=20 

0.3625743827 

0.3648534035 

0.3621653639 

0.3626564613 

 

V. CONCLUSIONS 
  In this paper we derived Generalised Gaussian quadrature method for calculating integral over a 

triangle region     𝑥, 𝑦  ⁄  0 ≤  𝑥 ≤  𝑎, 0 ≤  𝑦 ≤   𝑎 − 𝑥    with a = 0.5, 1, 2, 3.  New sampling points and its 

weight coefficients are calculated of  various order N = 5, 10, 15, 20. We have then evaluate the typical integrals 

Governed by the proposed method. The results obtained are in excellent agreement with the exact value. 
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