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I. INTRODUCTION 
 It is well known that the Banach contraction principle is a fundamental result in fixed point theory, 

which has been used and extended in many different directions. Hicks [2] established some common fixed point 

theorems in symmetric spaces and proved that very general probabilistic structures admit a compatible 

symmetric or semi-metric. Recall that a symmetric on a set X is a nonnegative real valued function d on X × X 

such that (i) d(x, y) = 0 if, and only if, x = y, and (ii) d(x, y) = d(y, x). Let d be a symmetric on a set X and 

for r > 0 and any x ∈ X, let B(x, r) ={y ∈ X: d(x, y) < r}. A topology t (d) on X is given by U ∈ t (d) if, and only 

if, for each x ∈ U, B(x, r) ⊂ U for some r > 0. A symmetric d is a semi-metric if for each x ∈ X and each  r > 0,  

B(x, r) is a neighbourhood of x in the topology t(d). Note that lim𝑛∞ 𝑑(𝑥𝑛 , 𝑥) = 0 if and only if xn x in the 

topology t (d). 

 

II. PRELIMINARIES 
Before proving our results, we need the following definitions and known results in this sequel. 

 

Definition 2.1([3]) let (X, d) be a symmetric space. (W.3) Given {xn}, x and y in X, lim𝑛∞ 𝑑(𝑥𝑛 , 𝑥) = 0 and 

lim𝑛∞ 𝑑(𝑥𝑛 , 𝑦) = 0 imply x = y. (W.4) Given {xn}, {yn} and x in X lim𝑛∞ 𝑑(𝑥𝑛 , 𝑥) = 0 and 

 lim𝑛∞ 𝑑(𝑥𝑛 , 𝑦𝑛 ) = 0 imply that lim𝑛∞ 𝑑(𝑦𝑛 , 𝑥) = 0. 

Definition 2.2([4]) Two self mappings A and B of a metric space (X, d) are said to be weakly commuting if d 

(ABx,BAx) ≤ d (Ax,Bx), ∀x ∈ X. 
Definition 2.3([5]) Let A and B be two self mappings of a metric space (X, d). A and B are said to be 

compatible if lim𝑛∞ 𝑑(𝐴𝐵𝑥𝑛 , 𝐵𝐴𝑥𝑛 )= 0, whenever (xn) is a sequence in X such that  

 lim𝑛∞ 𝐴𝑥𝑛  = lim𝑛∞ 𝐵𝑥𝑛=t for some t ∈ X. 

Remark 2.4. Two weakly commuting mappings are compatibles but the converse is not true as is shown in [5]. 

Definition 2.5 ([5]) Two self mapping T and S of a metric space X are said to be weakly compatible if they 

commute at there coincidence points, i.e., if Tu = Su for some u ∈ X, then TSu = STu. 

Note 2.6. Two compatible maps are weakly compatible. M. Aamri [6] introduced the concept property (E.A) in 

the following way. 

Definition 2.7 ([6]). Let S and T be two self mappings of a metric space (X, d). We say that T and S satisfy the 

property (E.A) if there exists a sequence {xn} such that lim𝑛∞ 𝑇𝑥𝑛=lim𝑛∞ 𝑆𝑥𝑛=t for some t ∈ X. 
Definition 2.8 ([6]). Two self mappings S and T of a metric space (X, d) 

will be non-compatible if there exists at least one sequence {xn} in X such that if lim𝑛∞ 𝑑(𝑆𝑇𝑥𝑛 , 𝑇𝑆𝑥𝑛 ) is 

either nonzero or non-existent. 

Remark 2.9. Two noncompatible self mappings of a metric space (X, d) satisfy the property (E.A). 

In the sequel, we need a function φ: IR+  IR+ satisfying the condition 0 < φ (t) < t for each t > 0.  
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Definition 2.10. Let A and B be two self mappings of a symmetric space (X, d).A and B are said to be 

compatible if lim𝑛∞ 𝑑(𝐴𝐵𝑥𝑛 , 𝐵𝐴𝑥𝑛) = 0 whenever (xn) is a sequence in X such that lim𝑛∞ 𝑑(𝐴𝑥𝑛 , 𝑡) 

=lim𝑛∞ 𝑑(𝐵𝑥𝑛 , 𝑡) = 0 for some t ∈ X. 

Definition 2.11. Two self mappings A and B of a symmetric space (X, d) are said to be weakly compatible if 

they commute at their coincidence points. 

Definition 2.12. Let A and B be two self mappings of a symmetric space (X, d). We say that A and B satisfy the 

property (E.A) if there exists a sequence (xn) such that lim𝑛∞ 𝑑(𝐴𝑥𝑛 , 𝑡) =lim𝑛∞ 𝑑(𝐵𝑥𝑛 , 𝑡) = 0 for some t ∈ X. 
Remark 2.13. It is clear from the above Definition 2.10, that two self mappings  S and T of a symmetric space 

(X, d) will be noncompatible if there exists at least one sequence (xn) in X such that lim𝑛∞ 𝑑(𝑆𝑥𝑛 , 𝑡) 

=lim𝑛∞ 𝑑(𝑇𝑥𝑛 , 𝑡) = 0 for some t ∈ X. but lim𝑛∞ 𝑑(𝑆𝑇𝑥𝑛 , 𝑇𝑆𝑥𝑛 ) is either non-zero or does not exist. 

Therefore, two noncompatible self mappings of a symmetric space (X, d) satisfy the property (E.A). 

Definition 2.14. Let (X, d) be a symmetric space. We say that (X, d) satisfies the property (HE) if given {xn}, 

{yn} and x in X, and   lim𝑛∞ 𝑑 𝑥𝑛 , 𝑥 = 0 𝑎𝑛𝑑 lim𝑛∞ 𝑑(𝑦𝑛 , 𝑥) =0 imply lim𝑛∞ 𝑑(𝑦𝑛 , 𝑥𝑛) = 0 

Note that (X,d) is not a metric space. 

Aamri [1] prove the following theorems. 

Theorem 2.15 (Aamri [1]). Let d be a symmetric for X that satisfies (W.3) and (HE). Let A and B be two 
weakly compatible self mappings of (X, d) such that (1) d(Ax,Ay) ≤ φ(max{d(Bx,By), d(Bx,Ay), d(Ay,By)}) for all 

(x, y) ∈ X
2
, (2) A and B satisfy the property (E.A), and (3) AX ⊂ BX. If the range of A or B is a complete 

subspace of X, then A and B have a unique common fixed point. 

Theorem 2.16 (Aamri [1]). Let d be a symmetric for X that satisfies (W.3), (W.4) and (HE). Let A, B, T and S 

be self mappings of (X, d) such that (1) d(Ax,By) ≤ φ(max{d(Sx, Ty), d(Sx,By), d(Ty,By)}) for all (x, y) ∈ X2,  

(2) (A, T) and (B,S) are weakly compatibles, (3) (A, S) or (B, T) satisfies the property (E.A), and  

(4) AX ⊂ TX and BX ⊂ SX. If the range of the one of the mappings A, B, T or S is a complete subspace of X, 

then A, B, T and S have a unique common fixed point. 

 

III. MAIN RESULTS 
In this section we prove common fixed point theorem for sequence of mappings that generalizes Theorem 2.16. 

Theorem 3.1. Let d be a symmetric for X that satisfies (W.3) (W.4) and (HE).  Let {Ai}, {Aj}, S and T be self 

maps of a metric space (X, d) such that 

(1) d(Aix,Ajy) < max{d(SxTy), d(Aix,Sx), d(Ajy,Ty), d(Aix,Ty), d(Ajy, Sx)} for all (x,y)  X2,(i≠j), 

 (2) (Ai,S) or (Ak,T) are weakly compatibles. (3) (Ai, S) or (AjT) ,(i≠j) satisfies the property(E.A) and 

(4) AiX⊂ TX and AjX ⊂ SX for (i≠j) 

If the range of the one of the mappings {Ai}, {Aj}, S or T is a complete subspace of X, 

then (I) Ai and S have a common fixed point,  i  (II) Aj,(i≠j)  and T have a common fixed point provided that 
(Ak, T) for some k > 1 is weakly compatible. (III) Ai,Aj, S (i≠j) and T have a unique common fixed point 

provided that (I) and (II) are true. 

Proof. Suppose that (Aj,T) (i≠j) satisfies the property (E.A.). 

=>There exists a sequence {xn} in X such that  lim𝑛∞ 𝑑 𝐴𝐽𝑥𝑛 , 𝑡 =  lim𝑛∞ 𝑑(𝑇𝑥𝑛 , 𝑡) =0 for (i≠j) and for 

some tX. Since AjX ⊂ SX (i≠j), there exists a sequence {yn} in X such that  Ajxn = Syn.  

Hence,  lim𝑛∞ 𝑑 𝑆𝑦𝑛 , 𝑡 = 0  (since, lim𝑛∞ 𝑑 𝐴𝑗 𝑥𝑛 , 𝑡 = 0) 

Let us prove that lim𝑛∞ 𝑑 𝐴𝑖𝑦𝑛 , 𝑡 = 0 

It is enough to prove that Aiyn = Ajxn, (i≠j) and for sufficiently large n. 
 Suppose not, then using (1) 

d(Aiyn,Ajxn) < max{d(Syn,Txn), d(Aiyn ,Syn), d(Ajxn,Txn), d(Aiyn ,Txn), d(Ajxn ,Syn)} for all (x,y) X2, (i≠j) 

d(Aiyn,Ajxn) < max{d(Ajxn,Txn), d(Aiyn,Ajxn), d(Ajxn ,Txn), d(Aiyn ,Txn)} for all (x,y) X2,(i≠j), 

For sufficiently large n,         { since, Ajxn=Syn} 

d(Aiyn,Ajxn) < max{ d(Aiyn,Ajxn), d(Aiyn ,Ajxn)}< d(Aiyn ,Ajxn)              {Since, Ajxn= Txn as n∞}(By HE) 

=><=     Aiyn≠ Ajxn   for (i≠j) 

lim𝑛∞d (Aiyn,Ajxn)=0 By(W.2),we deduce that lim𝑛∞𝑑( Ai𝑦𝑛 , 𝑡)=0. 

Suppose SX is a complete subspace of X.Then t = Su for some uX. 

Therefore, lim𝑛∞d(Aiyn ,Su)= lim𝑛∞ d(Ajxn ,Su)=  lim𝑛∞d(Txn,Su)  

= lim𝑛∞d(Syn,Su)=0 (i≠j) 
Using (1),it follows  d(Aiu,Ajxn) < max{d(Su,Txn), d(Aiu,Su), d(Ajxn ,Txn), d(Aiu,Txn), d(Ajxn ,Su)} for 

sufficiently large n, (i≠j) 

 d(Aiu,Su) < max{d(Aiu,Su), d(Aiu,Su)}(i≠j), 

<d(Aiu,Su)  i    =><= when Aiu≠Su i  

Therefore, Aiu=Su i  

This means that Ai and S have coincidence point. But (Ai, S)  i is weakly compatible. 
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 SAiu = AiSu  i and then AiAiu = AiSu = SAiu = SSu.  i  

Suppose AiX ⊂ TX i  

=>There exists vX such that Aiu=Tv i  

     => Aiu=Su=Tv i  
To prove that Tv= Ajv, (i≠j) 

Suppose Tv ≠ Ajv,then 

(1)=> d(Aiu,Ajv) < max{d(Su,Tv), d(Aiu, Su), d(Ajv,Tv), d(Aiu,Tv), d(Ajv,Su)}  

= max{d(Tv ,Tv), d(Su, Su), d(Ajv,Tv), d(Tv,Tv), d(Ajv,Tv)} (i≠j) 

= max{d(Ajv,Tv), d(Ajv,Tv)} (i≠j) 

= d(Ajv,Tv) = d(Ajv,Aiu), (i≠j) 

Therefore (Aiu,Ajv)<d(Ajv,Aiu) (i≠j) 

  =><=   Therefore Aiu=Ajv (i≠j) 
=>Ajv=Aiu=Tv Therefore,Ajv=Tv for i≠j 

=>Aiu=Su=Tv=Ajv, i≠j 

But (Ak,T) is weakly compatible for some k>1 

AkTv=TAkv for some k>1 and TTv=TAkv=AkTv=AkAkv, for some k>1 

We shall prove that Aiu is a common fixed point of Ai and S i  

Suppose Aiu≠AiAiu i  

d(Aiu,AiAiu) =d(Ajv,AiAiu) (since, Ajv=Aiu) (i≠j) 

d(AiAiu,Ajv) < max{d(SAiu,Tv), d(AiAiu, SAiu), d(Ajv,Tv), d(AiAiu,Tv), d(Ajv,SAiu)} (i≠j) 

= max {d(AiAiu,Ajv), 0,0, d(AiAiu,Ajv), d(Ajv,AiAiu)} (i≠j) 

= d (AiAiu,Ajv) Therefore, d(Ajv,AiAiu)< d(AiAiu Ajv) 

           =><=            
Therefore, AiAiu =Ajv (i≠j) 

=> AiAiu =Aiu=SAiu  (since, AiAiu =SAiu) 

=> Aiu is a common fixed point of Ai and S.  i This proves (I). 

To prove that Akv = Aiu for some k>1 is a common fixed point of Aj (i≠j) and T 

Suppose Akv≠AjAkv, then 

d(Akv,AjAkv)= d(Aiu,AjAkv) 
<  max{d(Su,TAkv), d(Aiu,Su), d(AjAkv ,TAkv), d(Aiu,TAkv), d(AjAkv,Su)} 

= max{d(Aiu,AjAkv),0, d(AjAkv,AjAkv), d(Aiu, AjAkv), d(AjAkv Aiu)} (since,Ajv=Tv) 

= max{d(Aiu,AjAkv),0,0, d(Aiu, AjAkv), d(AjAkv ,Aiu)}  

Therefore, d(Akv,AjAkv)< d(Aiu,AjAkv). 

=><=   ( since,Aiu=Akv) 

Therefore, Aiu=AjAkv  ie., Akv=AjAkv=TAkv  (since,Ajv=Tv) 

=>Akv is the common fixed point of Aj and T. This proves (II) 

Now,Aiu is a common fixed point of Ai and S.  i  
Akv=Aiu is the common fixed point of Ajand T for i≠j 

Therefore, Aiu is the common fixed point of Aj,Tand S for all j (i≠j) 

The proof is similar when TX is assumed to be complete subspace of X. 

The cases in which AiX or AjX (i ≠j) is a complete subspace of X are similar to 

the cases in which SX or TX respectively is a complete space because AiX ⊂TX and AjX⊂ SX (i≠j). 

Uniqueness.  Suppose u, v are two fixed points of Ai, Aj (i≠j), TandS. 

Then Aiu = Su = Aju = Tu = u, (i≠j) and  Aiv = Ajv = Tv = Sv = v, (i≠j).Then 

d(u,v) = d(Aiu,Ajv) (i≠j) 
< max{d(Su,Tv),d(Aiu,Su), d(Ajv,Tv), d(Aiu,Tv), d(Ajv, Su)} 

= max{d(u,v),0,0,d(u,v), d(u,v)} 

=d(u,v). 

Therefore, d (u,v)=d(u,v) 

==><== when u≠v. 

Therefore, u=v. 

 ie., Ai, Aj,T and S have unique common fixed point for all i and j. 

The following result due to Aamri [1] is a special case of the previous theorem 3.1. 

Corollary 3.1.Let d be a symmetric for X that satisfies (W.3) (W.4) and (HE).Let A1, A2, S and T be self 

mappings of a metric space (X,d) such that 

(i) d(A1x,A2y) < max{d(Sx,Ty), d(A1x, Sx),d(A1x,Ty),d(A2,Ty), d(A2y,Sx)} for all (x,y) ε X2, 

(ii) (A1, S) and (A2, T) are weakly compatibles. 
(iii)(A1, S) or (A2, T) satisfies the property (E.A.) and  
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(iv) A1X ⊂TX and A2X⊂ SX. If the range of one of the mappings A1, A2, S or T is a complete subspace of X, 

then  A1, A2, S and T have a unique common fixed point. 

Proof. The proof of Corollary 3.1 follows from Theorem 3.1 by putting i = 1 and j=2. 

Corollary 3.2. Let d be a symmetric for X that satisfies (W. 3), (W.4) of Wilson and (HE).  

Let A, B and T be self mappings of a metric space (X,d) such that 

(i)AX, BX ⊂ TX. 

 (ii) (A, T) is weakly compatible, 
(iii) (A,T) or (B,T) satisfies the property (E.A.), 

(iv) d(Ax,By) < max {d(Tx,Ty),d(Ax,Tx),d(By,Ty), d(Ax,Ty),d(By,Tx)} 

If the range of one of the mappings A, B or T is a complete subspace of X, then 

(I) A and T have a common fixed point, 

(II) B and T have a common fixed point provided that (B, T) is weakly compatible. 

(III) A, B, S and T have a unique common fixed point provided that (I) and (II) are true. 

Corollary 3.3. .Let d be a symmetric for X that satisfies (W.3),(W.4)and(HE).Let G, T be self mappings of a 

metric space (X,d) such that (i) d(Tx,Ty) ≤ (max{d(Gx,Gy),  

d(Gx, Ty),d(Gy,Ty),1/2[d(Gx,Ty)+ d(Gy,Ty)} for all (x,y) ε X2, 

(ii)G and T are weakly compatibles, (iii)T and G satisfy the property (E.A), and 

(iv)TX ⊂GX .If the range of one of the mappings G or T is a complete subspace of X, 

then G and T have a unique common fixed point. 
Corollary 3.4. Let d be a symmetric for X that satisfies (W.1) of Wilson and (HE).  

Let S and T be two weakly compatible self mappings of a metric space (X,d) such that 

(i) d(Tx,Ty) ≤  (max{d(Sx,Sy),d(Sx,Ty),d(Sy,Ty),1/2[ d(Sx,Ty)+d(Sy,Ty)]} for all (x,y) ε X2, 

(ii) Sand T satisfy the property (E.A.) and 

(iii) SX ⊂ TX. If the range of S or T is a complete subspace of X, then S and T have a unique common fixed 

point. 

 

Theorem 3.2. Let d be a symmetric for X that satisfies (W.3),(W.4) and (HE). Let A, B, T and S be self 

mappings of a metric space (X,d) such that (i) d(Ax,By) < α d(By,Ty){ [ 1 +  d(Ax  , Sx )] 1 + 𝑑(𝑆𝑥   , 𝑇𝑦)} + 

β[d(By,Ty)+ d(Ax,Sx)]+ γ[d(By,Sx)+ d(Ax,Ty)]+δ d(Sx,Ty) for all (x,y) xX2 with α, β, γ, δ≥0 and α + β + 2γ + δ 

< 1 (ii) (A,S) and (B,T) are weakly compatibles. (iii) (A, S) or (B, T) satisfies the property (E.A.) (iv) AX⊂TX 

and BX⊂SX. If the range of one of the mappings A, B, S or T is a complete subspace of X, then A, B, S and T 

have a unique common fixed point.  

Proof.  Suppose (B, T) satisfies the property (E.A). Then there exists a sequence {xn} in X such that 

 lim𝑛∞ 𝑑 𝐵𝑥𝑛 , 𝑡 =  lim𝑛∞ 𝑑 𝑇𝑥𝑛 , 𝑡 = 0 for some t   X. Since BX ⊂SX, there exists in X a sequence (yn) 

in X such that Bxn = Syn. Hence lim𝑛∞ 𝑑 𝑆𝑦𝑛 , 𝑡 = 0.  
 Let us show that  lim𝑛∞ 𝑑 𝐴𝑦𝑛 , 𝑡 = 0 
It is enough to prove that Ayn = Bxn. Suppose not, by (1), we get 

d(Ayn,Bxn) < α d(Bxn,Txn){ [ 1 +  d(Ayn  , Syn)] 1 + 𝑑(𝑆𝑦𝑛   , 𝑇𝑥𝑛 )}+β[d(𝐵𝑥𝑛𝑇𝑥𝑛)+ 

d (𝐴𝑦𝑛 ,𝑆𝑦𝑛 )]+γ[d(𝐵𝑥𝑛 ,𝑆𝑦𝑛 )+ d(𝐴𝑦𝑛 ,𝑇𝑥𝑛 )]+δ d(𝑆𝑦𝑛 ,𝑇𝑥𝑛 ), 

<αd(𝐵𝑥𝑛 ,𝑇𝑥𝑛 ) {[ 1 +  d(Ayn , Bxn)] 1 + 𝑑(𝐵𝑥𝑛 , 𝑇𝑥𝑛 )}+β[d(𝐵𝑥𝑛 ,𝑇𝑥𝑛 )+d(𝐴𝑦𝑛 ,𝐵𝑥𝑛)]+γ[d(𝐵𝑥𝑛 ,𝑆𝑦𝑛 )+d(𝐴𝑦𝑛 ,𝑇𝑥𝑛 )

] + δ d(𝐵𝑥𝑛 ,𝑇𝑥𝑛 )  

For sufficiently large n, 

d(Ayn,Bxn)<0+ β[0+d(Ayn,Bxn)]+ γ[0+d(Ayn,Txn) < βd(Ayn,Bxn)+ γd(Ayn,Txn) 

 = (β+ γ) d(Ayn,Bxn) (since, lim𝑛∞ 𝑑 𝐵𝑥𝑛 , 𝑡 = lim𝑛∞ 𝑑 𝑇𝑥𝑛 , 𝑡 = 0) 

This is a contradiction, lim𝑛∞ 𝑑 𝐴𝑦𝑛 ,𝐵𝑥𝑛  = 0  
By (W.3), we deduce that lim𝑛∞ 𝑑 𝐴𝑦𝑛 , 𝑡 = 0 

Suppose that SX is a complete subspace of X. Then t = Su for some uX  

Subsequently, we have lim𝑛∞ 𝑑 𝐴𝑦𝑛 , 𝑆𝑢  = lim𝑛→∞ 𝑑(𝐵𝑥𝑛 , 𝑆𝑢 )=lim𝑛→∞ 𝑑(𝑇𝑥𝑛 , 𝑆𝑢 )=lim𝑛→∞ 𝑑(𝑆𝑦𝑛 , 𝑆𝑢 ) =0 

Using (1),  

d(Au,Bxn) < α d(Bxn,Txn){ [ 1 + d(Au  , Su )] 1 + 𝑑(𝑆𝑢  , 𝑇𝑥𝑛 )}+β[d(𝐵𝑥𝑛 ,𝑇𝑥𝑛 )+(d(𝐴𝑢 ,𝑆𝑢 )]+γ[d(𝐵𝑥𝑛 ,𝑆𝑢 )+ 

d(𝐴𝑢 ,𝑇𝑥𝑛 )]+δ d(𝑆𝑢 ,𝑇𝑥𝑛 )  

Letting n∞, we havelim𝑛→∞ 𝑑 𝐴𝑢 , 𝐵𝑥𝑛  < βd (Au,Su) +γd(Au,Su) 

d(Au,Su)< (β+ γ)d(Au,Su). 

This is a contradiction for Au ≠ Su. 

The weakly compatibility of A and S implies that 

 ASu =SAuand then AAu = ASu = SAu = SSu. 

Since AX ⊂TX, there exists vX such that Au = Tv. Therefore Au = Su = Tv. 

We claim that Tv = Bv. If not condition (1) gives 
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 d(Au,Bv) < α d(Bv,Tv) {[ 1 +  d Au , Su ] 1 + 𝑑(𝑆𝑢   , 𝑇𝑣)} + β[d(𝐵𝑣 ,𝑇𝑣) + d(Au,Su)]+γ[d(Bv,Su)+ d(Au,Tv)]+ 

δ d(Su,Tv) < α d(Bv,Au) {[ 1 +  0] (1 + 0)}+β[d(𝐵𝑣 ,𝑇𝑣)+0]+γ[d(Bv,Au)+ 0]+δ (0) 

d(Au,Bv) < α d(Bv,Au)+βd(𝐵𝑣 ,𝐴𝑢 )+γd(Bv,Au). 

d(Au,Bv) < (α+β+γ)d(Bv,Au). 

This is a contradiction for Au ≠ Bv. 

Therefore Au = Bv and then Bv = Au = Tv. 

This implies that Au = Su = Tv = Bv. 

But (B, T) is weakly compatible implies BTv = TBv and TTv = TBv = BTv = BBv. 
We shall prove that Au is a common fixed point of A and S. 

Suppose that AAu ≠Au. 

d(Au,AAu) = d(AAu,Bv) 

< α d(Bv,Tv) {   1 +  d AAu , SAu  1 + 𝑑(𝑆𝐴𝑢   , 𝑇𝑣)}+β[d(𝐵𝑣 ,𝑇𝑣)+ d(AAu,SAu)]+γ[d(Bv,SAu)+ d(AAu,Tv)]+ 

δ d(SAu,Tv)  

=γ[d(Bv,AAu)+ d(AAu,Bv)]+δ d(AAu,Bv)  

= (2 γ+ δ)d(AAu,Bv) 

This is a contradiction for AAu≠  Bv. 

Therefore AAu = Bv and then AAu = Au = SAu (since AAu = SAu) 

Therefore Au is a common fixed point of A and S.  

To prove that Bv = Au is a common fixed point of B and T. 

Suppose Bv ≠ BBv. 
d(Bv,BBv) = d(Au,BBv) 

< α d(BBv,TBv) {   1 +  d Au , Su  1 + 𝑑(𝑆𝑢   , 𝑇𝐵𝑣)} +β[d(𝐵𝐵𝑣,𝑇𝐵𝑣) + d(Au,Su)]+γ[d(BBv,Su)+ d(Au,TBv)]+ 

δ d(Su,TBv)  

= γ[d(BBv,Au)+ d(Au,BBv)]+δ d(Au,BBv)  

= (2 γ+ δ)d(Au,BBv)= (2 γ+ δ)d(Bv,BBv) 

which is a contradiction for Bv ≠ BBv. 

Therefore Bv = Au = BBv = TBv. 

This means that Bv is a common fixed point of B and T.  

Therefore, Au is the common fixed point of A and S. 

Bv = Au is the common fixed point of B and T. 

Therefore, Au is the common fixed point of A, B, T and S. 
The proof is similar when TX is assumed to be a complete subspace of X. 

The cases in which AX or BX is a complete subspace of X are similar to the 

cases in which SX or TX respectively is a complete space because AX ⊂TX and 

BX⊂SX. 

Uniqueness. Suppose u, v are two fixed points of A, B, T and S. 

Then Au = Su = Bu = Tu = u. 

and Av = Bv = Tv = Sv = v. Then for u≠ v, and then (1) gives d(u,v)=d(Au,Bv) 

< α d(Bv,Tv) {   1 +  d Au , Su  1 + 𝑑(𝑆𝑢   , 𝑇𝑣)}+β[d(𝐵𝑣 ,𝑇𝑣)+( d(Au,Su)]+γ[d(Bv,Su)+ d(Au,Tv)]+δ d(Su,Tv)  =  

γ[d(Bv,Au)+ d(Au,Bv)]+δ d(Au,Bv)  

=(2 γ+ δ)d(Au,Bv)= (2 γ+ δ)d(u,v). 
This is a contradiction for u≠ v.Therefore u = v. 

This means that A, B, T and S have unique common fixed point. 

For three maps, we have the following result by altering the condition (i) in theorem 3.2. 

Corollary 3.3. Let d be a symmetric for X that satisfies (W.3), (W.4) of Wilson and (HE). Let A, B and S be self 

mappings of a metric space (X,d) such that 

 (i) AX, BX⊂SX, 

(ii) (A, S) is weakly compatible.,  

(iii)(A, S) or (B, S) satisfies the property (E.A.),  

(iv) d(Ax,By) < α d(By,Sy) {[ 1 +  d(Ax , S x )] 1 + 𝑑(𝑆𝑥   , 𝑆𝑦)}+β[d(By,Sy) + d(Ax,Sx)]+γ[d(By,Sx)+ d(Ax,Sy)]+δ 

d(Sx,Sy) for all (x,y) xX2 with α, β, γ, δ≥0  and α + β + γ + δ < 1. If the range of one of the mappings A, B or S 

is a complete subspace of X, then A, B and S have a unique common fixed point.  

For two maps, we have the following result by altering the condition (i) in theorem of Aamri [1]. 

Theorem 3.3. . Let d be a symmetric for X that satisfies (W.3) of Wilson and (HE).  

Let S and T be weakly compatible self mappings of a metric space (X,d) such that 

 (i) d(Tx,Ty) < α{ 𝑑(𝑇𝑥 , 𝑆𝑥) 1 + 𝑑 𝑆𝑥 , 𝑇𝑦} + βd(Tx,Sx)+γ[d(Ty,Sx)+ d(Tx,Ty)]+δ d(Sx,Ty) for all (x,y) xX2 with 

α, β, γ, δ≥0  and  α + β + 2γ + δ < 1. (ii)T and S satisfy the property (E.A.), (iii) TX⊂SX, If SX or TX is a 

complete subspace of X, then T and S have a unique common fixed-point. 
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Proof. Since T and S satisfy the property (E.A). Then there exists a sequence (xn) in X such that 

 lim𝑛∞ 𝑑 𝑆𝑥𝑛 , 𝑡 =  lim𝑛∞ 𝑑 𝑇𝑥𝑛 , 𝑡 = 0 for some tX. 

Therefore, by (HE), we have lim𝑛∞ 𝑑 𝑇𝑥𝑛 , 𝑆𝑥𝑛  = 0 

Suppose that SX is a complete subspace of X. 

Then t=Su for some uX. 

We claim that Tu=Su 

By (1) we have d(Txn,Tu) < α {𝑑(𝑇𝑥𝑛 , 𝑆𝑥𝑛 ) 1 + 𝑑 𝑆𝑥𝑛 , 𝑇𝑢   } +β( d(Txn,Sxn)]+γ[d(Tu,Sxn)+ d(Txn,Tu)]+ 
δ d(Sxn,Tu). Letting n->∞, we have  

lim𝑛→∞ 𝑑(𝑇𝑥𝑛 , 𝑇𝑢 )<lim𝑛→∞{γ[ 𝑑(𝑇𝑢 , 𝑆𝑥𝑛 ) +d(Txn,Tu)]+δ d(Sxn,Tu)} 

d(Su,Tu)<2 γd(Su,Tu)+ δd(Su,Tu)=(2γ +δ) d(Su,Tu) 

This is a contradiction Su ≠Tu. Therefore, Su =Tu. 

Since S and T are weakly compatible, STu = TSu  and  therefore TTu = TSu = STu = SSu. 

Let us prove that Tu is a common fixed point of T and S. Suppose Tu ≠TTu, 

Then d(Tu,TTu) < α{ 𝑑(𝑇𝑢 , 𝑆𝑢 ) 1 + 𝑑(𝑆𝑢 , 𝑇𝑇𝑢 ) } +β( d(Tu,Su)]+γ[d(TTu,Su)+ d(Tu,TTu)]+δ d(Su,TTu)  

<(2γ +δ)d(Tu,TTu)  

This is a contradiction for Tu≠TTu. 

Therefore, Tu=TTu and STu=TTu=Tu. 

The proof is similar when TX is assumed to be a complete subspace of X since TX ⊂ SX. 

Uniqueness. Suppose Tu, Tv are two fixed points of T and S withTu≠Tv. Then  

d(Tu,Tv) < α {𝑑(𝑇𝑢 , 𝑆𝑢 ) 1 + 𝑑(𝑆𝑢 , 𝑇𝑣) } +β( d(Tu,Su)]+γ[d(Tv,Su)+ d(Tu,Tv)]+δ d(Tu,Tv)   

Therefore d(Tu,Tv)<(2γ +δ)d(Tu,Tv).     

This is a contradiction for Tu ≠Tv  

Therefore, Tu=Tv and hence, T and S have unique common fixed point.  
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