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ABSTRACT— : This article is dedicated to the calculation of the spatial components of the magnetic induction 

generated by a loop with a circular arc head, commonly found in the rotor of a wound-rotor asynchronous 

machine. The calculation is based on the Biot - Savart law. The expressions are derived for a vacuum 

environment. For a medium with permeability μ, the results must be multiplied by this permeability. To obtain 

the induction for a coil, the result for a single loop is multiplied by the number of loops comprising the coil. The 

results are verified using curves, with each component validated through three different curves, using the 

dimensions X, Y, and Z as variables. 
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I. INTRODUCTION 

Since its invention until today, the rotating electrical machine [1] has continued to provide researchers 

[2] with innovative ideas leading to improvements or developments of models [3]. Indeed, competition arises in 

terms of quality and the lifespan of machines, in accordance with different standards [4]. Minimizing losses in 

machines remains the major challenge of current technology [5]. This challenge comes up against the 

consequences of inevitable movements of electric charges in the magnetic circuit of the machine during its 

operation. Indeed, at any point in space, the magnetic excitation field is described by the spatio-temporally 

variable vector 


H  [6-7]. Associated with this field is the induction which induces the voltage at the terminals of 

the coils or in conductive domains by causing losses. Taking into account electromagnetic compatibility requires 

knowledge of the components of this field. 

It is the set of vectors 


H  that constitutes the magnetic excitation field (vector field). In practice, iron 

filings (detector), sprinkled in the vicinity of the source (electric machine powered for example), allows to 

visualize (magnetic spectrum) the excitation field [8]. The authors of this article go beyond the design domain 

and analyze the presence of the induction component outside the design domain so that everyone becomes 

aware of it by aiming for better electromagnetic compatibility. Their work will be limited to the search for the 

spatial components of the magnetic induction generated by a circular head coil or a circular end coil with a 

pseudo-rectangular body. 

II. METHODOLOGIE 

II.1 Theoretical basis 

The study is based on the Biot and Savart law and uses the following relation (1): 








ligne

3M

PM

PM
Λdl

4π

μI
B

 (1) 
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Fig 1: Element of a conductor carrying a current creating an induction at a point in space 

 

II.2 Description du système étudié 

Figure 1 below shows a coil whose heads are two convex arcs AB  and CD  of radius R, with respective 

centers O1 and O2, connected by two parallel conductors AD and BC of length 2b. The calculation reference has 

as its origin O, the middle of [O1 and O2]. The two arcs and the two conductors are thus symmetrical with 

respect to the Oz axis as shown in Fig.2 below and form a magnetic pole. An electric machine has 2p poles and 

the angle of the arcs is 


 
pole p

. 

 
Fig. 2. Circular arc head coil carrying a current I 

 

II.2 Determination of the spatial components of induction 

The induction at any point M such that OM=X i +Y j +Zk
   

 is generated by two parallel conductors AD and BC 

and by the two AB  and CD . 

Let us suppose a point 
    
     

    

 
Q Rsin ; x;Rcos

1 2 p 2 p
of the bar [AD] and a point 

     
     

    
2Q R sin ;x;Rcos

2 p 2 p
 of the bar [BC] symmetrical with respect to the center of the parallelogram 

ABCD, around these points we have the current elements 


Idy j  and 


Idy j . The elementary inductions at M are 

expressed: 

0 1
Q1 3

1

μ I dy Λ M
dB

4π
M

j Q

Q

 





 (2) 

0 2
Q2 3

2

μ I dy Λ M
dB

4π
M

j Q

Q

 



  .

 (3) 

Comme  

 1M = X-Rsin i + Y+y j + Z-Rcos k
2 2

Q
p p

       
   
   

 (4)
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 2M = X+Rsin i + Y-y j + Z-Rcos k
2 2

Q
p p

       
   
   

 (5)
 

In this case the expressions of the elementary inductions become: 

 

0
Q1 3

2 2 2
2

Z-Rcos i X-Rsin k
2 2μ I

dB dy
4π

X-Rsin + Y+y + Z-Rcos
2 2

p p

p p

 

 

 



    
    

    

    
    
     

 (6)
 

 

0
Q2 3

2 2 2
2

Z-Rcos i X+Rsin k
2 2μ I

dB dy
4π

X+Rsin + Y-y + Z-Rcos
2 2

p p

p p

 

 

 



    
     
    

    
    
     

 (7) 

We pose  

 

b

1 3

2 2-b 2
2

dy
ρ =

π π
X-Rsin + Y+y + Z-Rcos

2p 2p

    
    
     

   (8)
 

 

2 3

2 2 2
2

dy
ρ

X+Rsin + Y-y + Z-Rcos





     
    
     


b

b

2 p 2 p

 (9)
 

As bb y    , the total induction is expressed as follows 

 0
barre 1 2 2 1

μ I π π π
B (M)= Z-Rcos ρ -ρ i + ρ X+Rsin -ρ X-Rsin k

4π 2p 2p 2p

              
             

             

 (10) 

With 

   

1 2 2 2 22 2

2 2

1 Y+b Y-b
ρ = -

π π πX-Rsin + Z-Rcos X-Rsin + Z-Rcos + Y+b X-Rsin + Z-Rcos + Y-b
2p 2p 2p

 
 
 
 
                                                       

2 p 2 p 2 p

  (11) 

   

2 2 2 2 22 2

2 2

1 Y+b Y-b
ρ = -

π π πX+Rsin + Z-Rcos X+Rsin + Z-Rcos + Y+b X+Rsin + Z-Rcos + Y-b
2p 2p 2p

 
 
 
 
                                                       

2 p 2 p 2 p

  (12) 

The two arcs AB  and CD  do not belong to the same plane as the two parallel sides. Let P1 and P2 be two points 

taken respectively CD  and AB  such that 1P (Rsinθ;-b;Rcosθ)  and 2P (-Rsinθ;b;Rcosθ) . The current elements taken 

around P1 and P2 give the following elementary inductions: 

0 θ 1
P1 3

1

μ I Rdθe ΛPM
dB

4π
P M

 





 (13) 

0 θ 2
P2 3

2

μ I Rdθe 'Λ P M
dB

4π
P M

 



 .

 (14) 

In P1 

θe cosθ i sinθ k
  

   (15) 

In P2 

θe ' cosθ i sinθ k
  

  
. 

 (16)
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Alors on a : 

     1P M= X-Rsinθ i + Y+b j + Z-Rcosθ k
   

 (17)
 

     2P M= X+Rsinθ i + Y-b j + Z-Rcosθ k
   

 (18)
 

     θ 1e ΛPM= Y+b cosθk - Zcosθ+Xsinθ-R j + Y+b sinθ i
    

 (19)
 

     θ 2e' ΛP M=- Y-b cosθk+ Zcosθ-Xsinθ-R j + Y-b sinθ i
    

 (20)
 

In this case we have: 

     

     

0
P1 3

2 2 2 2

Rdθ Y+b sinθ i - Zcosθ+Xsinθ-R j + Y+b cosθ k
μ I

dB
4π

X-Rsinθ + Y+b + Z-Rcosθ

  



 
  

 
 

 (21)
 

     

     

0
P2 3

2 2 2 2

Rdθ Y-b sinθ i + Zcosθ-Xsinθ-R j - Y-b cosθ k
μ I

dB
4π

X+Rsinθ + Y-b + Z-Rcosθ

  



 
  

 
 

 (22)
 

For this circular arc head coil, the magnetic induction vector in M is characterized by: 

 its component along the abscissa axis xB ; 

 its component along the ordinate axis yB ; 

 its component along the side zB ; 

these components are calculated below. 

 

II.2.1 Calculation of the radial component xB  

From relations (13) and (14), we can deduce the following elementary induction: 

           

0
px 3 3

2 2 2 2 2 22 2

μ I Y+b Y-b
dB = Rsinθ +

4π
X-Rsinθ + Y+b + Z-Rcosθ X+Rsinθ + Y-b + Z-Rcosθ

i
 

 
 
 
 
   
     

 (23) 

By integrating relation (15) for π π
- θ

2p 2p
   , we obtain the following magnetic induction vector: 

 0
px 2 1

μ I
B R λ λ i

4π

 

   (24) 

the magnetic induction vector along the total (ox) axis is as follows: 

   0
x 2 1 1 2

μ I π
B R λ +λ + Z-Rcos ρ -ρ i

4π 2p

   
   

  
 (25) 

Let's ask 

 

      

π

2p

1 3
2 2 2π 2

2p

Y+b sinθ
λ dθ

X-Rsinθ + Y+b + Z-Rcosθ

 
 (26) 

 

      

π

2p

2 3
2 2 2π 2

2p

Y-b sinθ
λ dθ

X+Rsinθ + Y-b + Z-Rcosθ

 
 (27) 

 

II.2.2 Calculation of the component along the (oy) axis yB  

From relations (13) and (14), we can deduce the following elementary induction: 
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           

0
3 3

2 2 2 2 2 22 2

μ I Zcosθ+Xsinθ-R Zcosθ-Xsinθ-R
R - +

4π
X-Rsinθ + Y+b + Z-Rcosθ X+Rsinθ + Y-b + Z-Rcosθ

pydB j
 

 
 
 
 
   

     

 (28) 

By integrating relation (20) for π π
- θ

2p 2p
  , we obtain the magnetic induction vector along the (oy) axis: 

 0
y 2 3

μ I
B R -λ λ j

4π

 

   (29) 

With 

      

π

2p

2 3
2 2 2π 2

2p

Zcosθ+Xsinθ-R
λ dθ

X-Rsinθ + Y+b + Z-Rcosθ

 
 (30) 

      

π

2p

3 3
2 2 2π 2

2p

Zcosθ-Xsinθ-R
λ dθ

X+Rsinθ + Y-b + Z-Rcosθ

 
 (31) 

 

II.2.3 Calculation of the component along the axis (oz) zB  

From relations (13) and (14), we can deduce the following elementary induction: 

           

0
3 3

2 2 2 2 2 22 2

μ I Y+b Y-b
Rcosθ

4π
X-Rsinθ + Y+b + Z-Rcosθ X+Rsinθ + Y-b + Z-Rcosθ

pzdB k
 

 
 
  
 
   
     

 (32) 

By integrating relation (15) for π π
- θ

2p 2p
  , we obtain the following magnetic induction vector:  

 0
pz 3 4

μ I
B R λ λ

4π
k

 

   (33) 

The total magnetic induction vector along the (oz) axis is as follows: 

 0
z 3 4 2 1

μ I π π
B R λ λ X Rsin ρ X Rsin ρ k

4π 2p 2p

     
         

    
 (34) 

With 

 

      

π

2p

3 3
2 2 2π 2

2p

Y+b cosθ
λ dθ

X-Rsinθ + Y+b + Z-Rcosθ

 
 (35) 

 

      

π

2p

4 3
2 2 2π 2

2p

Y-b cosθ
λ dθ

X+Rsinθ + Y-b + Z-Rcosθ

 
 (36) 

 

III. RESULTATS  

III.1 Component along (ox) xB  

Here are the curves of the magnetic induction component along the (ox) axis for a circular arc coil with a height 

of 120 mm, a radius of 100 mm, and three pole pairs, carrying a current of 3 A. 
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Fig. 3. Curve of a magnetic induction of the component along (ox) of the circular arc head coil by varying X for 

Z=R 

 
Fig. 4. Curve of a magnetic induction of the component along (ox) of the circular arc head coil by varying Y for 

Z=R 

   
Fig. 5. Curve of a magnetic induction of the component along (ox) of the circular arc head coil while varying Z 

 
Fig. 6. Surface curve of a magnetic induction of the component along (ox) of the circular arc head coil 

 

III.2 Component along (oy) yB  

Shown here are the curves of the tangential component of the magnetic induction for a circular arc coil with a 

length of 120 mm, a radius of 50 mm, and three pole pairs, carrying a current of 3 A. 
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Fig. 7. Curve of a magnetic induction of the component along (oy) of the circular arc head coil by varying X for 

Z=R  

 
Fig. 8. Curve of a magnetic induction of the component along (oy) of the circular arc head coil varying Y for 

Z=4R/5 

 
Fig. 9. Curve of a magnetic induction of the component along (oy) of the circular arc head coil while varying Z 
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Fig. 10. Surface curve of a magnetic induction of the component along (oy) of the circular arc head coil 

 

III.3 Component along (oz) zB  

Displayed here are the curves of the axial component of the magnetic induction for a circular arc coil with a 

length of 120 mm, a radius of 50 mm, and three pole pairs, carrying a current of 3 A. 

 

 
Fig. 11. Curve of a magnetic induction of the component following (oz) of the circular arc head coil by varying 

Z 

   
Fig.12. Curve of a magnetic induction of the component following (oz) of the circular arc head coil by varying 

Y for Z=4R/5. 

   
Fig. 13. Curve of a magnetic induction of the component following (oz) of the circular arc head coil by varying 

Z 
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Fig. 14. Surface curve of a magnetic induction of the component along (oz) of the circular arc head coil 

 

III.4 Ratio of components 
Shown here are the curves of the ratio of the component along the (ox) axis to the axial component of the 

magnetic induction for a circular arc coil with a height of 120 mm, a radius of 100 mm, and three pole pairs, 

carrying a current of 3 A. 

 
Fig. 15. Ratio of the following component (ox) to the following component (oz). 

 

Displayed here are the curves of the ratio of the component along the (oy) axis to the component along the (oz) 

axis of the magnetic induction for a circular arc coil with a height of 120 mm, a radius of 100 mm, and three 

pole pairs, carrying a current of 3 A. 

 
Fig. 16. Ratio of the following component (oy) to the following component (oz). 

 

III.5 Components magnitudes 
The magnitude of the magnetic induction is calculated using the following equation: 

 
1

2 2 2 2
x y zB B B B



    (53) 

Displayed here are the curves of the magnitudes of the bars, arcs, and the system along the (oz) axis for a 

circular arc coil with a height of 120 mm, a radius of 100 mm, and three pole pairs, carrying a current of 3 A. 
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Fig. 17. Components modules. 

 

IV. CONCLUSION 

The main objective of this article is to contribute to the determination of the spatial components of the 

magnetic induction created at any point by a circular arc-like coil in a vacuum, representing the windings of 

rotating machines, using the Biot-Savart law. The complex shape of the coil necessitates the use of a Cartesian 

coordinate system, combining a concave circle and a rectangle. The primary challenge of this work is that the 

components have not been determined analytically due to the difficulties in calculating the integrals. For those 

interested in analytical results, it is preferable to use integral approximation methods (Simpson, trapezoidal, etc.) 

or to approximate the function (Lagrange approximation) and then integrate it, a process easily handled with 

MAPLE. The curves presented in this article are all plotted using MATLAB. The results indicate that it is 

possible to express the components of magnetic induction at any point in space. The graphical results revealed 

extremums, whose locations have not been studied. 

The objective has been achieved, but this work has raised other issues, such as determining additional 

losses in electrical machines. These findings confirm the relevance of this article to the study of the 

electromagnetic compatibility of a device during its design. 
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